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PREFACE. 

In the present Treatise my object has been to produce a 
work on Trigonometry fit to take its place with recent ad- 
vanced text-books on other branches of Mathematics — a 
work in which the demonstrations will be accurate and 
complete, and the various parts of the subject, while 
avoiding too much detail, fully and comprehensively treated 
and properly co-ordinated. 

A cursory examination will show that it contains not 
only everything that is usually given in books on Trigo- 
nometry, but also much that has hitherto appeared only 
in Mathematical periodicals. 

I have given a systematic account of Imaginary Angles 
and Hyperbolic Functions ; the latter, from their great 
analogy to Circular Functions, are very interesting, and 
their great and increasing importance, not only in Pure 
Mathematics but in Mathematical Physics, makes it essen- 
tial that the student should become acquainted with them. 

In compiling the work, the writers to whom I am prin- 
cipally indebted are Serret and Laisant, and, to a less 
extent. Mansion, Briot and Bouquet, and Hymers. 



vi Preface, 

The Exercises are very numerous and carefully selected. 
Besides the usual sources (the Examination Papers set 
at the various Universities), some are from Glaisher's 
Papers, and fromWoLSTENHOLME's Mathematical Problems. 
Those on the Area of a Triangle (pp. 145 and 150) 
are from Mathesis and from the Annals of Mathematics^ 
edited by Professors Stone and Thornton, of the Uni- 
versity of Virginia, U. S. America. Several are original, 
and for a large number I am indebted to my mathe- 
matical friends, M. JcTseph Neuberg, Professor Ordi- 
narius of the University of Li^ge, and Mr. M'Cay, 
F.T.C.D. 

In conclusion, I have to return my best thanks to 
Professor Neuberg, for many valuable suggestions and 
annotations received from him on a subject of which he 
is a master. 

JOHN CASEY. 

86, South Circular Boad, Dublin. 
March 25, 1888. 
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A TREATISE ON TRIGONOMETRY. 



CHAPTER I. 

FIRST NOTIONS ON TRIGONOMETRIC FUNCTIONS. 

Section I. — On Abcs. 

1. The Numerical Measure of any quantity^ such as an angle^ 
a. line, ^c, is the ratio which it hears to a certain standard of the 
same hind as itself called the Unit. Thtis the numerical value of an 
angle is its ratio to the angular unit ; the numerical value of a line 
is the number of linear units {feet, Sfc) which it contains. 

Mathematics are occupied with quantities, that is, with things 
that can be numbered, weighed, or measured ; and each branch 
deals with a special kind. Thus Trigonometry is primarily- 
occupied with calculations relating to lines and angles, and it is 
necessary to measure them in order that they may become sub- 
jects for computation. In these calculations the lines which 
enter are related to arcs of circles, and their numerical values 
are called circular functions. Trigonometry has for object the 
study of circular functions and their application to the reso- 
lution of triangles. 

B 



2 Trigonometrical Functions. 

2. Two methods of measuring angles are employed in Trigo- 
nometry : — 

P. The sexagesimal, which is used in all practical appli- 
cations, such as Geodesy, Kavigation, Astronomy, &c. 

2**. The circular method^ employed in the various branches 
of Analytical Mathematics. 

3. The Sexagesimal Method. — In this method a right angle 
is divided into 90 equal parts called degrees; a degree into 60 
equal parts called minutes ; a minute into 60 equal parts called 
seconds. Degrees and their subdivisions are denoted by the 
symbols ^ ', "; thus 30° 22' 25" means 30 degrees, 22 minutes, 
25 seconds. On the introduction of the metric system it had 
been proposed to divide an angle into 100 equal parts called 
grades; the grade into 100 equal parts called minutes; the 
minute into 100 equal parts called seconds. But this division, 
called the centesimal, has not been adopted. 

4. The Circular Method. 

Definition I. — A unit circle (in French " Cercle Trigono- 
metrique") is one whose radius is the unit of linear measure. 

Dep. II. — The unit of circular measure is the angle at the centre 
of the unit circle subtended hy an arc of unit length. 

5. In a unit circle any angle at the centre is measured hy the 
same quan^j^which expresses the length of the subtended arc. 

Demonsteation. — Let AC he any 
arc, a its length, and A the corre- 
sponding central angle AOC. If 
AOB be the angular unit, since 
(Euc. YI. xxxm.) angles at the 
centre are proportional to the arcs 
on which they stand, we have 

AOC: AOB :: arc AC : arc AB, 
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Hence 



A : \ \ \ a : 1, 



A^ a. 



(1) 



6. The circular measv/re of the angle suhtended at the centre of a 
circle of radim r, hi/ an arc whose length is a, is a/r. 

Dem. — ^Let X, X' be two circles 
whose radii are r and 1, respec- 
tively; AC, A'C two corresponding 
c?; then, since arcs subtended by 
■equal angles at the centres of dif- 
erent circles are proportional to the 
radii of the circles (Euc. VI. xx., 
Ex. 12), we have, denoting the 
4u:c AC hj a, 

OA : OA'iiACiA'C, 




4 ^ 



or 



r : 1 :: a: A' O \ 



A'C^-] 
r 



(2) 



but (§ 5) A'C is ttie circular measure of the angle A DC, 
Hence ajr is its circular measure. 

7. Comparison of the Sexagesimal and Circiilar Methods. — 
If 27r denote the length of the circumference of the unit circle, 
then 27r is the number of angular units in four right angles ; in 
other words, 2ir is the circular measure of four right angles. 
Hence ir is the circular measure of two right angles, and 7r/2 
of one right angle. 

•w is evidently the ratio of the circumference of a circle to its diameter. 
It is incommensurable ; that is, it cannot be denoted by the ratio of any 
1;wo whole numbers. Its value is 3*1415926 approximately. We shall in 
A subsequent chapter show how to find this important constant. 

B2 
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Corollary 1. — The angalar unit contains 206264*8 seconds- 
« 67^ IV 44"'8. For, if x denote the nnmber of seconds in 
one unit of circular measure, 2irx is the number of seconds in 
2?r units, that is, in four right angles. 

2irx » 360 . 60 . 60 ^ 1296000 ; 

therefore 

X = 206264-8, nearly. (3) 

Cor. 2. — If a denote the length of an arc, and r the radius^ 
the number of seconds in the corresponding angle is 



(206264-8) a/r. 



(4) 



For a/r is (§ 6) the number of angular units in the arc, and 
there are 206264*8 seconds in each unit. 

8. Bule of Signs of Descartes. — Application to arcs of 
circles. 

Let a fixed point A on the unit 
circle be taken as the origin from 
which all arcs are measured ; then 
if it be agreed that an arc described 
by a variable point P, moving in a' 
the direction indicated by the arrow, 
be considered as positive, an arc de- 
scribed by a point starting from A, 
and moving in the opposite direc- 
tion, must be negative. 

A little consideration will show that the distinction positive and negative^ 
in connection with the position of a point is absolutely necessary, and not 
merely a convention, as stated by some writers. All that is conventional i» 
the direction fijced on as positive ; but, whatever that be, the opposite must 
be negative. 
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9. General Expression for Arcs terminated in the same 

Toint. — If the variable point starting from A, the origin of 
•arcs, describe the entire circumference of the circle n times in 
either direction, and afterwards describe the arc AF, which 
we shall denote by 6, it is evident that the whole arc described 
from the commencement is 2mr + 0, where n is positive or 
negative, according to the direction of the moving point, in 
•describing the n circumference. Hence we have the following 
theorems : — J^ the arc AP he denoted hy $, and n he any integer ^ 
positive or negative, 2nir + is the general expression for all arc9 
terminating in the point P. 

Cor. — The arc in Trigonometry may vary from - oo to + oo . 

Def. III. — The diameter A A' (^g.f § S) passing through A, the 

-origin of arcs, and the diameter £B' perpendicular to AA!, divide 

the circle into four parts, which a/re called respectively AB the 

first quad/rant, BA* the second, A'B' the third, and B'A the 

Jourth quadrant, 

Dep. IV. — Two arcs whose sum is 7r/2 are said to he comple- 
nients of each other, and two arcs whose sum is ir supplements* 




(7 



>V' 



y^" 



Hence, if an are be greater than a quadrant, its complement 
is negative ; and, if greater than a semicircle, its supplement i$ 
negative. 
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10. Obseetation. — ^Let P be any point on the unit circle ;: 
P', P", P"' its reflections with respect to the diameters AA',. 
BB' ; then, if the arc AT be denoted by ^, the general ex- 
pressions for arcs terminating in P, P', P", P", respectively^ 

are — 

2»7r + e. (5) 

2w7r - ^. (6) 

(2»+l)7r-tf. (7) 

(2» + l)7r + ^. (8) 

EXEECISES. — I. 

1. Find the number of degrees in the vertical angle of an isosceles- 
triangle, each base angle of which is one-third of the vertical angle. 

2. Find the circular measure of an angle of a regular octagon. 

3. Find the circular measure of 11° 15'. 

4. The earth's semidiameter, which is 3983 miles, subtends at the mooi» 
an angle of 67' 3"*16 ; find the moon's distance. 

5. It has been found by the transit of Venus, in 1882, that the earth V 
radius subtends at the sun an angle of 8"*82; find the sun's distance. 

6. Stbuve has found, as the result of 241 meridian transits at Dorpat, 
that the vertical and horizontal semidiameters of the sun subtend at the- 
earth angles of 960"-66, 96r'*12, respectively; find these semidameters ia 
miles. 

7. The radius of the earth's orbit, which is 92,700,000 miles, subtend* 
at a Centauri an angle ot»75" ; find-the distance of a Centauri. 

Section II. — -Definitions op Cieculae Functions. 

11. One magnitude is said to be a function of another, when 
to each value of the latter corresponds a determinate value of 
the former. For example, the area of a circle is a function of 
its radius. In this vrork, when we speak of a line we always- 
mean its arithmetical value ; in other words, the ratio of its 
length to the linear unit. In particular, it is in this sense w& 
understand the lines (in French lignes trigonomdtriques) which, 
represent the circular functions. 
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12. Let OAj OB (figures 1, 2, 3, 4) be two rectangular 
radii of the unit circle, P any point in the circumference. Join 
OP, and produce it to meet the tangents to the circle 2it A, B 
in the points Ty 8\ at P draw a tangent, meeting OA^ OB 




A J 



produced in /, K\ lastly, from P draw PM, PN pei-pendicular 
to OA, OB', let 6 denote the arc AP\ then we have the' fol- 
lowing definitions : — 



MP is called the sine of the arc 6, contracted into sin 0, 
OM «• cos%n$ .. .. cos 0. 



AT 
BS 
OJ 
OK 



tangent 
cotangent 
secant 
cosecant 



tand. 
cot 0, 
sec 0, 
cosec B. 
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18. Since (§ 5) any arc is the measure of the corresponding 
central angle, the foregoing functions of the arc 6 are also 
functions of the angle 0, and expressed hy the same notation. 

The following is the verbal enunciations of these defini- 
tions : — 

1°. The sine of an are is the perpendicular drawn from its 
extremity on the diameter tohich passes through its 
origin, 

2°. The tangent of an are is the line drawn touching it at its 
origin, and terminated hy the diameter passing through 
its extremity, 

3°. The secant of an are is the intercept on the diameter 
passing through its origin between the centre and the 
tangent at its extremity, 

4®. The cosine of an are is the distance from the centre to 
the foot of the sine. 

6®. The cotangent of an arc is the tangent drawn through B, 
and comprised between B and the diameter drawn 
through the extremity of the arc, 

6°. The cosecant of an arc is the portion of the diameter OB, 
intercepted between the centre and the tangent drawn 
through the extremity of the are. 

14. Another Hethod of defining the Circnlar Functions. — 




Let the angle BA be denoted by A j then, i£ from any point 
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B in the line AB, BChe drawn perpendicular to AC, we have 
the following definitions : — 

sin.^ = ~, or BC^ABmiA. (9) 

AC 
COB A = -T^, or AC=AB COB A. (10) 

An 

BC 
t&xiA ^^, OT BC = AC tan A. (11) 

cot A = 4^, OT AC^BC cot A. (12) 

AB 

sec -4 = -T-^, or AB- AC bcc A. (13) 

AB 
cosec-4= -^nTTi ^ AB = BC coaec A. (14) 



It is easy to see that this method of defining the circular 
functions of an angle is equivalent to the former when the 
angle is acute. For if the angle POM (§ 12, fig. 1) be equal 
to BA C, the triangles POM, BA C are equiangular. Hence 
BCjAB = PMIOP, but PM/OP is the arithmetical measure of 
PM, since OP is the linear unit. Hence BCJAB is equal to 
the arithmetical value of PJf, and therefore both methods of 
defining the sine are equivalent, and the same may be shown 
for the other circular functions. The method by the right- 
angled triangle, however, has the defect of being inapplicable 
to any but acute angles without an embarrassing amount of 
explanation. The definitions in § 13 are free from the objec- 
tions against the older circular definitions, which regarded the 
functions as lines, and have the advantage, as will be seen, 
further on, of being easily expressed in a form that will sug- 
gest the remarkable analogy between them and the hyperbolic 
functions so important in recent Mathematical Physics. 
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15. Circular Fimctions of 45°, 30°, 60°. 

If we produce Pif to P' we have : arc PAF^ 20, MP^^P'P-, 
then sin tf = J chord 20. This relation gives immediately — 

1 



sin 45° = i chord 90° = ^_. 

^2 

sin 30° = i chord 60° = J. 
sin 60° = J chord 120° = ^. 
It is easy to verify hy a figure that tan 45° = 1^. 




(15) 

(16) 

(17) 
(18) 



These values are useful to be remembered. 

EXEECISES. — II. 

1. Find by a construction an arc of the 1st quadrant, such that — 

1°. sin a = cos 6. 2o. sin 6 = 2 cos B, 3°. tan 6 = 3 sin 6. 




ir^i 
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For 10. We take AT= OA, and join OT, 

For 20. „ AT=20A, 

For 30. ,, OJf= J 0^, and erect JfP perpendicular .- 



ft 



2. Construct on the unit circle an arc of the let quadrant, such that — 

10. sin d = }. 30. tan e = J. 60. cosec d = 4. 

20. cos a = J. 40. sec 6 = 3. 7o. cot d = f . 

3. Construct an angle $, such that sin d + cos 9 = {. 

If we make MJ= MP, we should have OJ=i; then we take 0J = 
and make the angle OJF » 45**. 

4. Construct an angle $, such that cos — sin = f. 



4>- 



Section III. — ^Vabiations of the Cibcttlab Fuwctionb. 

16. Descartes' Rule of Signs. — Application to right lines, — 
Let two perpendicular right lines AA', BB' intersect in the 
point 0, which is the origin from which all lines are mea- 
sured ; then, every distance on AA' to the right of 0, such 
as OFy is positive or + ; those to the left, such as OP', are 
negative or -. Again, a line measured parallel to BB' is- 
positive or + if it lie above AA\ such as BM^ F'M' ; negative- 
or - if it Ue below AA\ such as PN, F'lT. 
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17. Sine and Cosecant. — These functions have always the 
^ame sign; which is positive in the 1st and 2nd qtMdrants, 
*and negative in the Srd and 4th. 

Por in place of MF taking its equal ONioT the sine, and OK 
being the cosecant, we see from the diagrams, § 12, that ON 
and OK are always measured in the same direction, and there- 
fore have the same sign, which is + in 1st and 2nd quadrants, 
and - in Srd and 4th. Again, suppose the movable point P to 
start from -4, and describe the circumference ABAIB'A^ the 
fiine, which at first is 0, increases to unity, decreases to 0, then 
becomes negative, and varies in value from to -1, and from 
- 1 to 0. Thus, the maximum is + 1, and the minimum - 1. 

"When we consider a very small arc -4P, its cosecant OK is 
very great, and as the point P moves towards -4, the point K 
recedes indefinitely. This is what we mean when we say 
cosec = 00 . When the arc increases from to 7r/2, the cosecant 
varies from oo to 1. In the second quadrant it varies from 
1 to 00 ; in the third, from - oo to - 1 ; and in the 4th, from 

— 1 to - 00 . 

Cor. — If € denotes an arc indefinitely small, we have 
cosec (tt - c) = + 00, cosec (tt + c) = - oo . 

18. Cosine and Secant. — Since the cosine and secant are 
OM^ OJ respectively, we see that both are positive in the 
1st and 4th quadrants, and negative in the 2nd and 3rd. Also, 

.as 6 varies from to 2>r, cos 6 varies from 1 to 0, from to - 1, 
from - 1 to 0, and from to + 1. Hence the maximum is + 1 ; 
the minimum is - 1, and in changing sign it passes throng^ 
zero. Sec $ varies from 1 to + oo , from - oo to 1, from 
1 to - 00 , from +00 to 1, and in changing sign passes through 
infinity. 

19 Tangent and Cotangent. — These functions, being AT 
and BSf are positive in the 1st and Srd quadrants, and nega- 
tive in the 2nd and 4th, When varies from to 2ir, we see 



Variations of the Circular Functions. 



la 



that tan increases from to + oo ; then from - oo to ; then- 
again from to + oo, and afterwards from - oo to 0. From 
these it follows that the tangent changes sign in passing 
through infinity. It will he seen that the variations of the 
cotangent correspond exactly to those of the tangent ; hut that 
while the tangent increases, the cotangent decreases. 

These different variations are represented in the annexed 
Tahles :— 

Table I. 



Quadrant. 


I. 


n. 


111. 


IV. 


Sin and coseo 


+ 


+ 


— 


— 


Cos and sec 


+ 


— 


— 


+ 


Tan and cot 


+ 


— 


• 

+ 


— 



Table II. 



Quadrant. 


I. 


u. 


III. 


IV. 


Sin varies from 


to 1 


1 to 


to -1 


- 1 to 


Cosec ,, 


00 „ 1 


1 „ 00 


-00 „ -1 


-1 ,, -00 


Cos ,, 


1 „ 


„ -1 


-1 „ 


„ 1 


Sec ,, 


1 „ oc 


00 „ -1 


- 1 „ - 00 


*,, 1 


Tan „ 


„ 00 


-00 „ 


„ 00 


-00 „ 


Cot „ 


00 „ 


„ -00 


00 „ 


„ -00 
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20. Circular Functions of Negative Angles. — Let the arc 

AF on the unit circle be denoted by 6 ; then if the line PM 
be produced until it meet the circle again on the negative side 
of AA' in P', it is evident that the angle A OF' is equal in 
magnitude to A OF; but being measured in an opposite direc- 




tion it has (§ 8) a contrary sign ; hence it must be denoted by 
- 0, Also, since MF, MF' are measured in opposite directions, 
they have contrary signs. Hence 

MF'^^MF; but ifP=sin^, 
and MF' = sin (- 6) ; .-. sin (- ^) = - sin 0. (19) 

Hence, if two ares or angles he equal in magnitude, hut have con- 
trwry signs ^ their sines are eqttal in magnitude and have contrary 
^igns. 

Again, the line Oif is the cosine of the arc AF, and also the 
•cosine of the arc AF', Hence 



cos (- 0) = cos 0. 



(20) 



Therefore, if two arcs differ only in sign, their cosines are equal. 
Similarly, it may be proved that 

cosec (- ^) = - cosec 6, (21) 

tan (- ^) = - tan 0, (22) 

cot (- ^) = - cot e, (23) 

sec (- 0) = sec 0, (24) 
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Section IV. — Cieculab Functions op Complemental 

Abcs, &c. 

21. The complement of the axe AP is always BP, provided 
that the arc BP has for origin the point -S, and that it be 
reckoned positive in the direction BA. From this it follows 
that the diameters AA', BB' change their roles in the same 
manner as the tangents drawn through A and B ; but that the 
positive directions of the trigonometrical lines remain the same 
Hence it follows that the cos, cot, cosec of an arc are respec- 
tively equal to the sin, tan, sec of its complement; therefore 
we can write 

r 

COS e = sin [| - e\, sin ^ = COS f ^ - A (25) 



cot = tan 



(1-4 



IT 



tantf=cot(- -6>1. 



IT 



cosec tf = sec [ ^ - ^ ], sec tf = cosec 



(I-'} 



(26) 



(27) 



22. Supplemental Arcs. — If through P we draw PP" parallel 
to AA', the arc AP = P"A. Hence the sum of the arcs AP, 




AP" is equal to the semicircle ABA'. Hence the arcs AP^ 
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AF" are snpplemeiits. And Bince the perpendiculars from P, 
P" on the line AA' are equal, we have 

sin AF = sin -4P", or sin ^ = sin (tt - &), 

In like manner we can compare their other trigonometrical 
functions : thus we find 

sin ^ = sin (w - ^), cosec = cosec (ir - B\ (28) 

cos fl = - cos {le - Q\ sec tf = - sec (tt - B\ (29) 

tan^ = -tan(ir-tf), cot^ = - cot(-7r - ^). (30) 

Thus the circular functions of supplemental arcs ?uive contrary 
signs^ except the sine and the cosecant, which are the same, hut are 
equal in absolute values, 

23. Arcs which differ by tt. — The comparison of the circular 
functions of the arcs AF, AP'" shows that 

sin (tf ± ^) = - sin 0, cosec (^ ± ir) = - cosec 0. (31) 

cos (^ ± tt) = - cos 0, cos (^ ± ir) a - SCO 0. (32) 

tan(tf ± ir) = tan 0, cot {0 ± ir) = cot 0. (33) 




Hence, when we increase or diminish an arc hy tt, its circular 
functions retain their absolute values ; hut, except the tangent and 
cotangent, they change their signs. 

24. Periodicity of the Circular Functions. — The circular 
functions of an arc depend only on its origin and its extremity* 
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Consequently the arcs comprised in the formula (2»7r + S) have 
the same circular functions. Hence 

sin (2»7r + ^) = sin 0), cos {2mr + tf) = cos 0. (34) 
cosec (2»7r + tf) = cosec 9^ sec (2»7r + ^) = sec 6. (35) 

This property is expressed by saying that the functions sin 0, 
cos By sec By eoseo B are periodic ; and that the period is 27r. 

Again, since tan {Tr-{-B) = tan B^ cot (tt + ^) = cot B ; the period 
for tan B, cot B is w. 

Cor. 1. — If we combine §§ 20-24, we can form the following 
Table :— 



sin (2» + 1 . IT + 6) = - sin tf, cos (2» + 1 . tt + ^) = - cos tf, 



tan(2»+1.7r + ^) = tan^. (36) 



sin (2» + 1 . IT - tf ) = sin tf, cos (2» + 1 . tt - ^) s= - cos B, 



tan(2»+1.7r-tf) = -tantf. (37) 

sin (2w7r - ^) = - sin ^, cos {2mr -B) = cos B, 

tan (2«7r - ^) = - tan ^. (38) 

25. Bednctioii of an Arc to the Ist Qaadrant. — ^We shall 
see that there are Tables in which are given the circular func- 
tions of all arcs included between and 7r/2. If an arc is not 
comprised between these limits, we can find an arc in the 1st 
quadrant whose circular functions have the same absolute 
values. 

If the arc lies between 7r/2 and ir, we apply the rule of supple- 
mental arcs, § 22. If it is comprised between ir and 2w, we 
diminish it by w, by the rules of § 23, which reduces it to 
an arc between and ir. If it is greater than 27r, we com- 
mence by diminishing it by the greatest multiple of 27r 
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contained in it. If the arc is negative, we cliange its 
sign (§ 20). 

JEXAMFZES. 

C08l60»=-co8 30% tan 200* = tan 20% sin 240* = - sin 60% 
sec 300* = - sec (300* - 180") = - sec 120* = sec 60% &c. 

EXEBCISES. III. 

1. Eeduce to the Isf quadrant sin 1000% cos 1227*. 

2. What relations are there between the circular functions of 

- + and e ? 
2 

3. What relations are there between the circular functions of 

(4fi + 1) J - « and 0, (4« + 3) ^ - « and $ ? 

4. What relations are there between the circular functions of 

(4n + 1) ^ + $ and 6, (4» + 3) ^ + a and tf P 

5. Keduce to the 2nd quadrant 

sin (- 10*), cot 900% tan 800*. 

6. The quantities 

sin 26, tan 5(>, sec {aB -f J), cos -, cosec — -— , 

o 4 

are periodic functions of 0. Indicate the period. 

7. Simplify a cos 0* - * sec 180* + c sin 270*. 

8. Simplify 

6sin2T-3Bin— - + 8sinir — sin^ — tan 1- cot — . 

2 2 4 4 

9-12. Simplify the following expressions : — 

9. 8in(ir + a), cos(2»-tf), ^^o^'Io+^Jj ^^^''(t'*"^)* teii(*' + <^)» 

10. acos (o "■ ^) + * ^^^ (2 **" ^)* 

11. (fl + J) tan (90* -«) + (»-*) cot (90* +tf). 

12. sin9.tan(18O* + 0)-r (tan0.co8(9O*-O)). 



Inverse Circular Functions. 



19 



Section V. — Inveesb Cibcuxib Fuwcnoiirs. 

26. "We have seen in § 12, wlien an angle is given, or what 
is the same thing, the arc on the nnit circle which is its mea- 
sure, that we can construct its circular functions, and that each 
function has but one value corresponding to each value of the 
angle : the converse question is — ^Being given the value of the 
circular functions, to find the corresponding angles. We shall 
see in this case that to each value of a function there is an 
infinite number of corresponding angles. It will be sufficient 
to establish rules for the sine^ cosine, cmd tangent, since the 
rules for these hold for the cosecant, secant, and cotangent, 

27. Sines. — Let a he the sine of an arc. It is required to con- 
struct the arc. 

Solution, — Let be the centre 
of the unit circle, A the origin 
of the arcs. Draw the diameters 
AA\ BB' at right angles, and 
take on OB the line OIT, whose 
numerical value is equal to a. 
Through N draw PP' parallel to 
AA'. Then, since MP, WP' are 
•each equal to ON, the sines of 
the arcs AP, AP' are each equal 
to a\ but the arcs AP, AP' are supplements (§ 22); and 
if one of them, AP, be denoted by a, the other, AP\ will be 
^ - a. Again, since the sine of an angle is not altered when 
the angle is increased by 2nir (§ 24), it follows that if be the 
general value of the required angle, that 




6 « 2n7r + a, or ^ ■■ (2» + 1) ir - ou 



(39) 



28. Cosines. — It is required to find the general value of an angle 
whose cosine is a, 

02 



20 



Trigonometrical Functiom. 




Sol. — Let A be the origin ; AA', 
B^ rectangular diameters. Take 
on OA the line OM, whose nume- 
rical value is equal to a. Through 
Jf draw PP' parallel to BB* ; then 
it is evident the points P, P' are 
the extremities of all arcs whose 
cosines are equal to a. I^ow, if 
AP be denoted by a, AP' will be 
(§ 8) ~ ^' Hence, if ^ be the general angle whose cosine is a,. 
we have, n being any integer positive or negative, 

^ = 2»w ± a. (40) 

29. Tangents. — It is required to find the general value of an 
are whose tangent is a. 

Sol. — Let APA' be the unit 
circle, A the origin. Draw AT, 
touching the circle, and take AT 
such that its numerical value shall 
be equal to a. Join OT, cutting 
the circle in the points P, P'; 
then any arc terminating in either X\ 
of these points will have its tan- 
gent equal to a. Hence, il AP" a, 
and 6 be the required arc, 

^ = n7r+a, (41) 

where n is any integer, positive or negative. 

30. Def. — The following is the notation used for inverse- 
functions : — 




sin"* X. 



cos~*y, tan"'«, &c. 



They are read thus : — The arc whose sine is x, the arc whose 
cosine is y, the arc whose tangent is 2, &c. Thus, when we put 
;r s sin ^, we can say conversely $ = sar^x. The inverse cir- 
cular functions have an infinite number of values corresponding: 
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to the same value of x, Wlieii it is convenient to remove the 
indeterminateness, we can do so hy writing 

sin"*a? hetween - - and -; 

C08-^a? „ and ir\ 

tan-^a? „ - ^ and ^. 

The French method of writing inverse functions is nearly the 
«ame as they are read — ^thus : arc sin x^ arc cos x^ arc tan x^ 

EXEKCISBS. — IV. 

1-4 on § 27. What^ the general value of the angle whose sine is ^ P 

2. What is the general value of the angle whose sin^ is ^ ? 

3. Write down all the values of 9 which satisfy sin' 9 = sin' a. 

4. If two angles have the same sine, either their difference is an even 
multiple, or their sum an odd multiple, of y. 

6-13 on § 28. Find the general value of which satisfies the following 
equations : — 

5. sin 29 =B cos 30. 

6. cos + cos 60 = 0. 

7. cosec = cosec -. 

It 

8. cos . cos 60 + cos 50 . cos 70 = 0< 

9. sin 40 + sin 80 B 0. 

10. Given se + ff = a, sin 2« + cos 3y = ; find a?, y. 

From the second equation, 

sin 2« = - sin (| - 3y j = sin f 3y *- ^ j ; 
then 2ar - { 3y - ^ J = 2«ir, or 2«+ 3y-^ = (2»+l)ir, &c. 
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11. GiTen oos fl;n im (a - 2y), sin (a - &r} s cos (« + 3y- /S) ; find x, y^ 

12. Given sin (« - y) e cos (a; + y) s ^ ; find «, y. 

13. If two arcs have the same cosine, either their sum or their difference 
must he an eyen multiple of ir. 

14-24 on } 29. Find the general value of which satisfies the equa- 
tions — 

14. tan'tf » 1. 16. tan^a = oo . 16. tan'9 » 3. 

Solve the equations — 

17. tan 29 » tan (30 -a). 18. tan(9-a} + cot (30-/3) »0. 

19. tan |0« cot (59 -a). ' 

* (tan (fnx - fiy) as 1, ' (tan 2« + tan 3y « 0. 

__ (sin 2d; + cos 3y = ; ^. /^ « % 1 x/ * 

22. {^ o T w/ X A 23. cos(4a?-3y)e— cot(«+y)=-l. 
(tan3a?+cot(4y-o) = 0. ^ ^/2 

24. If two arcs have the same tangent, their difference is a multiple- 
of X. 



CHAPTEE II. 

TEIGONOMETEICAL FORMULAE. 

31. The formulae of Trigonometry caa be classed into nine 
groups, as follows, to each of which we shall devote a 
Section : — 

I. Formulae between functions of the same arc. 
II. ,, for the addition of arcs. - 
III. „ for multiple of arcs. 
lY. „ for submultiple of arcs. 

V. „ for transforming products into sums or differences. 
YI. f, for transforming sums or differences into products. 
YII. ff between inverse functions. 
YIII. Trigonometric elimination. 
IX. Trigonometric identities. 

SeCHOIT I. — ^ReL^TIOK between the ClBCUtAR FXTNCTIOJES'S 

OP AN Angle. 

32. Let e denote the arc AF (figures 1, 2, 3, 4, § 12) ; 
then we have 0P=1, Bin^ = Pif, costf- Oif, 060$=: OJ, 
cosec $ => OKf tan 6 = AT, cot » £S. And since the angle 
OMP is right, Pif « + OIP = 01^. 

Hence sin« tf + cos« 5 = 1 . (42) 

Also, since the triangles OPJ, OPK are right-angled, and 
PM, PN are perpendiculars, we have (Eire. YI. vni.) 

ON. OK^ 0P\ OM. OJ^ OPK 

Hence sin 9 . cosec tf = 1, (43) 

find cos 0. sec » 1. (44) 
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Lastly, from the pairs of similar triangles TA Oy PMO ; 
8B0, FNO, we have 

A£_MP^. B8^ ^ 
0A~ OF* OB'^ ON' 

RITI <9 

that is, * tan ^ = ;?. (45 J 

cos^ 

and cotd= -: — ^. (46) 

sin ^ ^ ' 

From (45) and (46) we get tan tf . cot tf = 1. (47) 

„ (43) we have cosec 6 = -: — ;:. (48) 

sin ^ ^ * 

„ (44) „ secfl = -i^. (49) 

COS u 

„ (47) „ cote = ^. (50)- 

Prom the three last formulae we see that cosec 0, sec 0, cot Of 
are tjie reciprocals of sinO, cos 0, tan 0. 

Again, since the triangles OF J, OAT are equal in every 
respect, 

OJ^=Or=OA^ + Ar; .'. sec»^=l+tan2tf. (51) 

In like manner, from the triangles OFK, 0B8, we have 

OK^ = OS^ = OB^ + B8* ; .-. cosec'tf = 1 + cof^d. (52) 

33. Use of the preceding Formulae. — ^When a circular 
function is given, the extremity of the arc is known (but it 
can have two positions, §§ 27, 28, 29), and the other functions 
are therefore known, for any five can be expressed in terms of 
the sixth. For example, if sin be given, we have 



cos 



e = ±yi-sin»tf, tane= *^'^^ 



-v/l-sin*^ 

,/, ± \/l-sin*^ /, ±1 /I 1 

cot^ = — 2i , sec^= — , cosec ^ = -:—-. 

sm^ y^l-sin»d sind 

(53) 
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In like manner, if tan be given, we have — 
tan^ 



sin^s 



±v^l+tan«^ 



, cos tf = — y cot = 



v/l+tan»^ 



tantf' 



sec tf = ± -v/l + tan*^, cosec 6 = ^ — ;; , (54) 

tan^ ^ ^ 

and so on for the other functions. 

The double sign of the radical admits of an easy explanation. 
For example, if sin 6 = OiV, is terminated in P or P"; and 

cos = +v^l - sin'^ in the first case, and = - \/l - sin*^ in 
the second. 




34. The formulae of § 32 are often employed to verify 
formulae, or to transform a given formula. 



1. Verify the fonuTila 
Beplacing 



SXAMFZJS8. 

1 + 2 sine cos0_ 1 -tang 
coB^e-Bin^e " 1 + tan a* 

sin 
tan d by t» 



1 — 2 sin COB 9 



f. 



^ cog 9 — sin tf , 

(cos e + sin e) (cos 9 - sin 0) " cos 9 + sin d*' 

suppressing the factor, cos .+ sin ; 

we get 1 ~ 2 sin cos ss (cos — sin $)\ 

which is exact. 
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2. Admitting that the arcs x, y satisfy the equation 

asinji;8in^ + ^cosa; cosy » «; 

find the relation between tan x, tan y. 

Diyiding by cos x, cos y, and using the yalues of sec x, sec y, from 
equation (54), we get 

a tan x tan y + J == ^ V(l + tan* x)(l + tan*y) ; 

and clearing of radicals, we get 

(<r*-a*)tan2a:tan2y+c*(tan'ic + tan«y)-2afttana;tany+(c»-i2)=:0. 

35. Trigonometric Equations. — In Trigonometry an nnknown 
arc 47 is determined very often, by means of aa equation wliich 
contains several trigonometric functions of x, 2x, ^/2, &c. In 
order to solve these equations, it is necessary to transform them 
so that they will contain only a single circular function of an 
unknown arc. This may be the arc x itself, or a function of a?, 
such as xl2f 2^, « + cu . , . Having found the value of the func- 
tion by solving the equation, the trigonometrical tables, as we 
shall see further on, will enable us to determine x, 

EXAMFLE8. 

1. Given 2 sec« = tan x-k-aoix', find x. 

2 sin a; cos x ^ 
COB x" COB X sin jp ' 

.*. 2an.xssBiD^x-{'C0B^xs=l, sin«=s^. 
First Solution. — * ™ a* 

/ « = 2»» + ^, 

General SoltUion."^ < ^ 

(««(2n + l)»--. 

2. a fas?x + h cos'a? = r, a sin*af + i (1 — sin^^) = c. 



\e-b \b-e 



In order that sind; may be real and < 1, it is easy to see that either 

a>e>h^ or a<c<b. 



1. 


Giyen 


2. 


>> 


3. 


>> 


4. 


>» 


5. 


» 
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EXEECIBES. — ^Y. 

tin 9 « f , find cos 9, 
coB0 = ^, „ Bin 9. 

sin0 = H, „ tan 9. 
tanO = }, „ sec $. 
sin 10" = -0000484813681, proye that 
2 (1 - cos 10") = -0000000023604. (55) 

[This result is useful in calculating Tables of the circular functions.] 

6. In a right-angled triangle ABO, having given the angle bright, if the- 
sides opposite the angles A, £, be denoted by a, b, c, respectively, then 
being given 

lo, a = Vm* + «', J =s V2m«, calculate cos A. 

2«. a = 2mn, b^m^-n^ „ sinX 

30. a = y/m^'^mnf csm + n, „ tan^. 

4«». tf = m' + in«, c = m» + «', „ cot -4. 

Prove the following identities : — 

7. — TT- — T = Bina. 
cot0 seci^ 

8. tan 9. sin i'^- 006 = sec <^. 

9. (idn9 + CO6 0) -r (seo0 + cosecO) s ahi$ cos 9. 

10. (sina + COS0)' f sina cos9 » (1 + tan0) (1 + cot a). 

11. (sece + coseca)'= (1 + tana)' + (1 + cota)'. 

12. If the sides of a right-angled triangle be in Jt, P, prove that the sine» 
of its acute angles are f , f , respectively. 

13. Find the circular functions of an angle of 45**. 

Since the sine of an angle is equal to the cosine of its complement, 

ain»46*»-cos2 46°=0, 
and sin' 45*' +008' 45" =1. 

Hence 2 sin' 45" = 1, and nn 45** = — = ; (compare equation (15) ) : 

V2 

1 - 

.\ co«45'=-|, tan 45* = cot 46' =1, sec 45* = cosec 45* « V2. (66) 



lis 
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14. Find the values of the circular functions of 60^. 

Let ABO he an equilateral tri- p 

angle, CD a perpendicular on AB ; 
then the angle is 60**. And since 
the triangle is isosceleSy 

AD^^DB; .-. ADr^iAO. 

Hence AD-rAC^i; 

cos Cii2> or 60* = }. (67) 



Hence 



Bin60*=~> 




taneO'-Va, cot60«a-|, 



sec 60* = 2, cos6c60' = — • 

Cor.— Since 30* is the complement of 60% sin 30* » cos 60* s |. (68) 

Vs 1 

Hence cos 30* = —, tan 30* «-^, cot30*«V3, 



V3 

2 r- 

sec 30* « --, cosec 30* = v2. 



16. Prove 



cot»-4-oot*5 



oos'^ — cos'-B 



(69) 



(60) 



sin'^ . sin^^ * 

16. Prove (sin 60* - sin 46*) (cos 30* + cos 46*) = sin' 80*. 

17. „ (cos 30* - sin 30*) (sin 60* + cos 60*) = sin« 45*. 
(sin 46* + sin 30*) -f (sin 45* - sin 30*) = sec 46* + tan 46*)» 
sec*d - tan*(> s sec'9 + tan'9. 

20. I, tan0 + cot 9 = sec 9 • cosec $. 

1 + CO8 



18. 
19. 



I) 
If 



21. 
22. 



» 



(cot 9 4 oosec(>)* = 



» 



1 -COS0 

cosec* a - cot^a « 1 + 3 coseo^a cot* a. 

23. „ sina(l + tana) + cosa(l + cota)*:seca + coseca* 

24. ,, l + 2(sin«a + oos<'a)s3(sin*a + oo6«a)» 

26.*If cos a B — 5-2 + 1, prove seca « cos'^l. 
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Proye the following, by means of a construction : — 

26. That 2 sin is greater than sin 2 9. 

27. „ (tan - sin Bf + (1 - cos ef = (sec 9 - 1)2. 

28. „ (cosec - sec Bf = (1 - tan df + (cot a - 1 )«. 

29. That the diameter of the unit circle which bisects the first quadrant 
divides the circle into two semicircles, such that sin -- cos is positive for 
all arcs terminating in any point of one of them, and negative for all arcs 
terminating in any point of the other. 

30. That the diameter which bisects the second quadrant is similarly re- 
lated to the expression sin + cos 0. 

31-36. Find the values of the functions in the following equations : — 

31. cos«0 = f Bind. 32. tan + cot = ^^. 
33. tana = 2 sin a. 34. sec^0 + 6s= 5sec^0. 

36. 98in20+278ina=lO. 36. cos20-2sina f J = 0. 

37-44. Find the general value of 9 in the equations — 

37. 2sin0 = tana. 38. 6tan20-4sin20 = 1. 

39. tand-cota = V^. 40. cos + V3 sin = ^2 . 

/— sin B 

41. cosec a . cot = 2 V3. 42. ; - = 2-cot0. 

1 + cos 

43. sec = — tan B. 44. (cot - tan 0)' = 4 ^ J, 

VS (2 + V3) 

45-47. Transform into expressions which will contain only cos a. 

.- sin^o tana ,^ ,„ , . 

45. 1 . 46. cot*a + tan'o-sm'a. 

cos a cot a 

47. sin a cos a tan a . cot a. 

.- _ ^ tana.cosO b\t?B . ^ * ^ 

48. Express cos B H : 1 in terms of sec B*. 

sm B cos B 

49. Express sec B + cos B + tan B in terms of cosec B. 

50. Solve the equations 

sina? + 8iny = J. (1) 

cos d? cos y = }. (2) 
Equation (2) gives 

(l-sin«a:)(l-8in2y)=:A, 

1 - sin'a; - sin'y + sin'a; sin'y = A« (3) 
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Add (3) to the square of (1), and we get 

— 4 + Vio 

(1 + sina? siny)' = JJ, sina; siny s . (4) 

4 

The sign — before VlO must be rejected, because (sin a; siny)^ < 1. 

From (1) and (4) it follows that sin Xy sin y, are the roots of the equation 

, , -4 + V^lO ^ ,^, 
«»-J«+ ^ = 0. (6) 



Then sin« = J (1 ± \/66 - 16 VlO), 

siny = J (1 T \/66 - 16 VlO). 

These values are real, and in absolute value less than 1. Let a and — j3 bo 
the absolute values of the smallest arcs which correspond to them. 

Then x = 2«x + o, or (2» + I)* - a, 

f/^2nir-fi, or (2»+l)ir + i3. 

Since equation (2) was squared, it is necessary to verify that the preceding 
values are such that cos a; cos y = + f , and not-f. This requires that 

« and are comprised between and -. 

61. Given sin a; + cos a; = «, sin'a; + cos3a? = J; prove a' — 3a+2J = 0. 

62. Prove (sec e ~ co8$) -r (cosec 9 — sin 0) = tan' 9. 

53-66. Solve the equations 

53. 2 sin^tf — 3 sin + a = 0. (Discuss what are the possible values 
of a, that sin may be real, and comprised between + 1 and - 1.) 

54. tan^0 — 2 tan $ tan a + 1 = 0. (Discuss, &c.) 
56. 2 tan^a - 3 tan 9 + 2a = 0. (Discuss, &c.) 

56. 2 sin'a - 3 sin cos + cos^0 = 0. 

57. sina tan^a: - 2 cos a tana; + 1 « 0. (Discuss, &c.) 

58. (sina; + tana;) -f (tana? - sin a:) = 5 + 2 V5. 

59. a cos'a? + (2a« -a + l)sinaf-3a+l = 0. 

60. (1 + m) sin^a; — Zm sin'^a? + m cos'a; (1 - 3 sin a?) = 0. 
€1. aajQ^e + bt&n^e=e. 

62. sin a; = a siny, tana; = & tan y. Find x, y. 

63. sina; = a secy, cosa; = ^ cosecy. „ „ 

64. tana; + tany = a, cota; + coty = J. „ „ 
66. atana;+ Jcoty = 1, a'cota;4 J'tany = 1. », „ 
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SeCTIOK II. — FOEJOJLAE FOR THE ADDITION OP ArCS. 

36. Lemma. — In a triangle {ABC) any side (AB), divided 

hy the diameter of the circumcirele^ ^ A 

19 equal to the sine of the opposite 
4mgle (C). 

Dem. — ^Draw the diameter BB, 

■ 

Join AB. Then, because BB is a 

diameter, the angle BAB is right ; 

••. ABjBB = sin j&2>^— that is 

(Euc. III. XXI.) = sin BCA, Hence, 

denoting the diameter by S ; the angles of the triangle 

by A, Bf C ; and the opposite sides by «, h, e, we have 

alB = Bin A. (61) 

Cor. — In any triangle aihiiBinAiBinB. 
For a/S^BinA, i/8 = sinJ?. 

87. The sine of the sum of two angles (a, p) is equal to the sine 
ef the first, mtdttplied into the cosine of the second, plus the cosine 
of the first into the sine of the second. 





Dbm. — Let OiTbe a radius of the unit circle; and let the 
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angles QOD^, NOP be denoted by a, p, respectively; let fall 
the perpendiculars HP, I^Q. Join PQ. Then, since the points- 
0, Py Ny Q are concyclic, by Ptolemy's theorem (Eire. p. 232), 
we have PQ. ON^ QN. OP + OQ.I^P; but 01^ is unity. 
Hence, by the lemma, PQ = sin POQ = sin (a + j8) ; also, 
eiV= sin a, iVP = sin )8, OQ = cos a, OP = cos )8 ; 

.-. sin (a + )3) = sin a cos )8 + cos a sin )3. (62) 

38. If the line OP lie between OiVand OQ, such as OP', we 
have, by Ptolemy's theorem, P'Q.ON^ QN. OP' - OQ . NP" 

Hence sin (a - )8) » sin a cos )3 - cos a sin p. (63) 

89. The two formulae (62) (63) may be proved otherwise. 
Thus : — Let the two angles BOB, BOH be denoted by a, ^; 
then BOH will be o + )3. In OJS take any point N. Draw NK 
perpendicular to OBy NQ to OBy and QI to OB ; also draw 
QH parallel to OB. Now, since the triangles OKJy JQN 
are right-angled, and have the angles OJKy NJQ equal 




(Euc. I. XV.), the angle JOK is equal to JNQ. Hence JNQ 
is equal to a. Again, 

. , ^^ JOT KE^KN IQ EN 

sm(a + ^)=^=— ^^^=^^-4-^ 

IQ OQ EN QN . ^^ . ^ 

^OQ-m^W'ON^'^'"'^^^^''''^"''^^' 
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the Bame as before. Again, let OE lie between OB and OD ; 
then the angle BOE will be a - )9, and we have 




. , «^ JOT KE-NH IQ 

Bin(a-^) = ^^«- 



iVS" 



OiV^ 



OiV ON 



IQ OQ EN QN 
OQ' ON" QN' ON 



sin a cos /9 - cos asmp, as in § 38. 



40. The cosine of the sum of two angles (a, fi) is equal to the 
product of their cosines, minus the product of their sines, 

, ^, OE OI-EI 01 EQ,^,^ ^_, 

DEM.-cos(a4-^) = ^= -g^ = ;^-^(lstfig.S39) 

01 OQ EQ QN ^ . . ^ .^^. 

41. The cosine of the difference of two angles (a, P) is equal to 
the product of their cosines, plus the product of their sines, 

^ , ^. OK OUIK 01 QE,^.. p„^, 
DEM.-cos(a-^) = ^^ _-=_- + -_ (2nd fig. §39) 

01 OQ QE QN ^ . . ^ , , 

* 42. The formulae (62)-(65) are called the four fundamental 
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formulae of Trigonometry. On account of their importance, 
seyeral proofs of them have been given by mathematicians. 
The following, due to Mr. W. Kichols (Mest&ng&r of Mathe- 
maties, 1864), is one of the most elegant: — 

Hake the angle BAC^a^ CAD » p (figs. (1) (2) ). Draw 
BC perpendicular to AC^ meeting AJD in 2), and BE per- 
pendicular to ADy meeting ^C7 in ^. Now in fig. (1) we 
have — 

S\ ^^'^^ BD.AC {BC-^- CD)AC 

^^'^^^^^AB.AJD'^AB.AJD " AB.AD 

BC.AC ACCD . 

"= -71B — 7^ + Tn 7^ » BUI a COS j5 + COS a Sin )5. 

In fig. (2) we have 

BE.AB BD.AC {BC^CD)AC 



sin(a-^)« 



AB.AD AB.AD 

BC.AC AC. CD 
AB.AD" AB.AD 



AB.AD 

s sin a cos^ - cos a sin^S. 





Similarly, from figures (1) and (2), we have 

, ^, AE.AF (AC^FC)AE 

'''^^'^^abTaf' AB.AF 



ac.ae bc.ef ^ . 

abTaf^abTIf'''''''''^'^^'^'''^^' 



Formulae for the Addition of Arcs. 



35 



The equality of the rectangles BE. AB, BD .AC, assumed in 
the foregoing proof, follows from each being equal to twice the 
area of the triangle A BB ; and the equality FC . AE^ B C . EF 
from the siipilar triangles AEF, BCF. 

43, General Demonstration of the Fundamental Formulae. — 

The demonstrations of § § 37-42 suppose that a, p are positive 
arcs whose sum is less than 7r/2. But since these formulae serve 
to establish all others in Trigonometry, it is necessary to demon- 
strate them in all their generality. 

Lemma I. — The projection A'B' of a line AB upon an axis 
XFis equal in magnitude and sign to the right line AB multi- 
plied by the cosine of the angle between the positive directions 
of A'B' and AB. 

Dem. — Let a be the acute angle between AB and XF, 6 the 

angle between the positive directions oi AB and XT. Draw 

^Z parallel to XF, cutting BB' in C. We have, independent 

of sign, 

AC 



cos a 



AB' 



I say, taking signs into account, that 

AC 



COS0 



AB' 



There are four cases to be considered : — 

r. AB and ui C are + ; then fl » o. (Fig. 1.) 
2*. AB is +, and AC -; then tf = ir - a; 



AC . 



AB 



is ~, and cos a - cos a. 



(Fig. 2.) 



3^ AB is -, and AC-\-; then - ir + a; 



AC . 



AB 



is -, and cos » - cos a. 



4^ AB axii AC 9xe^; then 0- a; 



AC. 



AB 



is +, and cos » cos a. 



(Fig. 8.) 



(Fig. 4.) 



Da 



^ 
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LxiofA. II. — The BTim of the projections of a closed contour 
ABCD . • . KA upon an axis is null. 




A' B' A B' 

For, if A', B'f C, &c. ... be the projections of its summits^ 
we have A'B' + B'C + . . . K'A' = 0. 

Hence the proposition is proved. 

44. ITniversal Proof.— Let AM= a, MN^ p. Draw OB^ 

B 
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perpendicular to OMf and in the positive direction from OM. 
Join OM, ON. Draw NP perpendicular to OM, and let P', N' 
be the projections of the points P, iVon the axis AA'\ then 
we hare (Lemma II.), 

OF-^FN'^-N'0^0\ 

but OF » OP cos ( OM, OA) = cos R cos a 

(Lemma I., Oif is the + direction of OP), 

Fir '^ PIT COB {OBuOA) = sinj3 cos fa + ^)- - «aip Bin a, 

i^(? « - OiV'cos ( ON^OA) = - cos (a + ^) ; 
cos )9 cos a - sin ^ sin a - COS (a + ^) B ; 
cos (a + )8) = cos a cos j3 - sin a sin p. 

This formula being true for all values of a and p, we can 
replace ^ by - ^. "We get 

cos (a - ^) = cosa cos^ + sin a sin/}. 

Heplacing a by - - a, we get 

sin (a - )9) B sin a cos j3 - cos a sin )3. 
Eeplacing fihj - P, we get 

sin (a + ^) = sin a cos j3 + cos a sin j8.* 

45. If we divide (62) by (64), and reduce the right-hand 

flide by dividing numerator and denominator by cos a cos )3, 

we get 

/ rk\ tana + tanifif ,__. 

^("-^^)° l-tanatanV <««) 

In like manner, from (63) and (65), we get 

, , ^. tan a ~ tan ^ ,^ 

^('^-^)° 1 ^ tana tan )8 - ^'^^ 

These results may be proved geometrically. (See figs., § 42.) 

^ The foregoing proof is, with slight alteration, the same as that given 
in ''Le9ons de Trigonom^trie," by MM. Briot and Bovqust. See also 
^* Cours de Trigonom^trie," by MM. YAcauANX and Lepinay. 
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BE 

We have tan (a ± ^) = -j^ = by similar triangles to- 

BD BC ± CD ( BC CD\^( CF CB\ 
AF^" AC^ CF"\A0^ AC) ' [ "^ CB' AC) 

tan a ± tan P 
1 7 tan a tan P' 

46. Formuale for sin (a + )8 + y), cos (o + ^ + y), 

sin (a + ^ + y) = sin (a + )3) cosy + cos (a + j8) sin y 

(equation (62). ) 
And, substituting for 

sin (a + P), cos (a + fi), 
their values from (62), (64), we get 

sin (a + )8 + y) = sin a cos ^ cos y + sin ^ cos y cos a 

+ siny cos a cos ^ - sin a sin^ siny, 
which may be written 

sin (a + )9 + y) = S sin a cos )S cos y - sin a sin )5 sin y. (68) 

Similarly, 

cos (a + j8 + y) = cos a cos )9 cos y - S cos a sinJjS sin y. (69) 

Remarh. — ^We may in the same manner find 

sin (a + )9 + y + 8), cos (a + ^ + y + 8) . . . 

47. Development of taii(a + ^ + y . . .) 
We shall first find the expression for 

tan (a + )8 + y). 

If we divide (68) by (69), and reduce the right-hand side hj 
dividing both numerator and denominator by 

cos a cos)9 cosy, 

we get 

^ , rt V tan a + tan )S + tan y - tan a tan j8 tan y ,^^^ 

tan(a + )8 + y)«:i — ■- ^ ^^ . ^-, . . - (70) 

"^ " 1- tan a tan p- tan )8 tan y- tan y tan a 
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Cor. 1. — If a + )8 + y = nff, then tan (a + )5 + y - 0. 

Hence the numerator on the left-hand side of (70) mnst yanish^ 
and therefore 

tana + tan)3 + tany 8 tana tan)9 tany, (71) 

or cotjS coty + coty cot a + cot a cot^ = 1. (72) 

Cin-. 2.— If (a + )8 + y) = (4» ± 1) ^, 
the denominator on the right side of (70) mnst vanish ; 

.*. tana tanj3 + tan^ tany + tany tanas 1, (73) 
or cot a + cot )S + cot y = cot a cot p cot y. (74) 

48. Let there be n arcs a, ^,y . . . X; and, denoting by 8^ 
the sum of the products of their tangents p by p^ so that 

9i = tan a + tan p + tan y, &c.y 

8% s tan a tan P + tan a tan y + tan P tan y + . . . &c. 

Then tan(a + )8 + y...X) = 'f:i^^ti5Jl|£: (76) 

^ ^ ' ' 1 - «2 + *4 - &C. ^ ' 

In facti if the formula be true for n arcs a, )3 . . « X, it wiU be 
true for (n + 1) arcs a, P . . , y, fx; for 

^ , ^ . X tan(a + )8... + X) + tantt 

tan (a + ^... + X + /!) = :; — f — 7^-— 3n — TT7 — ^5 
^ '^ '^'^ 1 -tan(a + )3)...X)tan/A 

and, substituting in this the value of tan (a + ^ . . . + X), we get 

7 — - — - — a. X — ^-7 ^ — ^ — T" = tan(a + i8... + X + u): 

l-«j + *4-&c. -tan/A(«i-*3 + «a-&c. 

and, denoting by 8p the sum of the products of the tangents of 
the (n + 1) arcs a, )3 . . . X, /x, taken j? by ^, we have 

*i + tanfi = «'i, S8 + «2tan/i = «'8, &c. 

Hence tan (a + iS . . . X + /*) = ^i::^!f^^ ; 

but the formula is true for three arcs, therefore for four, &c. 
And therefore it is universally true. 
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EXEBCISES. yi. 





1. Giyen Bixia= }, coBi8=A; find sin (a + /3), cos(a-/3]. 

2. „ •ina = TV> tanfi^m; „ Bin(a-iS)*, C0fl(a + i8). 

8. Proye sin a f cob a = sin (a t ^S**) V2. (76) 

4. ,, cos a f sin a = cos (a T 46"*} ^2. (77) 

5. „ sin a = cos sin (a + iS) — 8in/9 cos (a + fi). 

6. „ sin a = cos )3 sin (a — i8) + siniS cos (a - jS). 

7. „ sin (a + jS) sin (a - jS) = sin'a - sin*/5. (78) 

8. „ cos(a + /S)cos(a-i8)ac08««-8in*3"OOS«iS-sin«a. (79) 

. ^ sin»2'»-Bin«r 

9. „ sin 3**= 7-r- , (80) 

10. „ sin(30'+o) + sin(30'-o) = cos«. (81) 

11. „ cos (eO"* + a) + cos (60* - a) « cos a. (82) 

12. „ sin (60* + o) - sin (60*- a) = sin a. (83) 

[The results (SI), (82), (83) are useful in the construction of Tables.] 

13. Proye tan a + tan j8 = '^^ ^* "^ ^j , (84) 

cos a cos iS 

14. „ tan a - tan i8 « "^ ^'^ " ^ . (86) 

„ urn wuip ^^^^^' V« ; 

16. „ tan (a + 45») = ii^?5iL. (86) 

' 1 -tana 

16. „ tan(,-45') = |~!'°" . (87) 

1 + tana 

17. „ totPtcatam^^p.. (88) 

Sin a . 8in p 

18. If tanae}, tani8 = J, proye (a + iB) = j. (89) 

19. „ tan a = f , tan)3 = A, „ a + iS = ^. (90) 
on X / ^x coti8 + coto ,„-. 
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21. Prove cot (o ± ^) = — — :— . (92) 

^ -^ ' coti8±cota ^ ' 

22. „ Bin(a + i3) + cos(a-i8) = (sin« + c08a)(sm)3 + co8i3). (93) 

23. „ Bin2(o + /8)=8m*a + fliii'jB + 28ina8iiii8cofl(a + i3). (94) 

s in(a + jS) 4 cos(a - $) ^ sin j8 f cbsjB . 

•* ain (a - i3) + cos (a + 0) Qoafi-emfi' 

sin'a — sin'iS 

26. „ tan (a + fi) tan (a - i3) = — r ^-j-. 

" ^ cos'a — sin'iS 

. sin«o-sin*i8 sin a cos a + sin jS cos /3 

26. .. tan(a + i3) = -: : = = ; • 

' ^ ' sinacosa — smiS 008)8 cos'a — Bln*^ 

r^m tana . „ 

27. „ , TTT-j: «= sin 2a. 

1 — cot 2a tan a 

cot 2a 

28. ,, r : = cos 2a. 

cot 2a + tan a 



29. 



tan 2a + tan a sin 3a 



f> 



tan 2a — tan a sin a 

8(M0. Solve the following equations : — 

30. sin (d; + a) = asinx -^^ b cosx, 

31. siniT + siny = a, cos ^ + cos y » &• 

32. tan (a; + 46") = a tanar. 

33. sin « = a sin (46* - x). 

34. a.nx Bia {a — x) = m cos' a?. 
36. tan (60** + ar) tan (60* - a;) =« m. 

36. 3 sina; c= 2 sin (60'*- x). 

37. tan a; tan (a? + 45") = m. 

38. tan (46® + a;) + tan (46" - a? = m. 

39. tan a tan a; = tan* (a + a?) -tan' (o- a?). 

40. sin a;/ sin y =» 2, cos (a? + y)/co8 (» - y) « J. 

BinasiniS sin jS sin 7 sinysina 
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SECnOK III. — ^FOBMULAB FOB MuLTIPLB AbCS. 

48. Values of 9in 2a, ^«2a, tan 2a. 

If we make a s ^ in formulae (62), (64), (66), we get 

sin 2a = 2 sin a cos a. (96) 

cos 2aas cos*a - sm'a = 2 cos"a -1 = 1-2 sin' a. (97) 

. ^ 2 tana ,-_. 

Rema/rh — If we write ^a in place of a, the formulae jiist 

written become 

sin a s 2 sin ^ a cos ^ a. (99) 






tana=- ^_!., . (101) 



cosa-cos' Ja-sin'JasB2co8'ia- 1 =l-2sin"ia. (100) 

2 tan ^ a 
1- tan* J a 

From the last formula we get 

2 cot as cot ^a- tan ^o, (^02) 

and from (100) 1 + cos a » 2 cos'^ a (103) 

and 1 - cos d = 2 sin'J a.^ (104) 

In (99) change a into (a + P) and we get, 

sin (a + /S) = 2 sin J (a + )8) cos J (a + fi). (106) 

80. Valuea of sin da, cos 3a, tan 3a. 

If we make a = )8 = y in formulae (68), (69), (70), we get 

Bin3a = 3sina-4 sin' a. (106) 

cos 3a s 4 cos'a - 3 cos a. (107) 

, - 3 tana - tan'a ,,^^^ 

^^' l-3tan», • (^«») 

These values may also be obtained by making )3 « 2a in the 
formulae for 

sin (a + /S), cos (a + fi), tan (a + /S). 
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61. Values of sin na, cos na, tan na. 

If the values of Bm(» - I) a, co8(» - l)a, taii(n- l)a- 
were known in functions of sin a, cos a, tan a, the values of 
sin nay cos na, tan na could be found. For, putting ^ = (n ~ 1 ) a. 
in formulae (62), (Of), (66), we get 

sin na s sin (n - 1) a cos a + cos (n - 1) a sin a. (109) 

cosna» cos(n-l)a cosa- 8in(n-l)a sin a. (HO) 

, tan(n- l)a + tan a /,,,x 

tanna« , .^ . \. . . (HI) 

l-tan(»-l)a tanck 

If we make a=:/S = y... = Xin (75) we get 

n,n- 1 .« - 2 ^ , 
n tan a r-x tan'a + &c. 

tan na = , ^ ^ , &c^ 

«,n-l . ».»- 1 .n-2.n-3 ^ . 

1 - — n5 — tan'a + rj tan*a 

l± LI 

(112) 

52. Values of sin 2a, cos 2a, in functions of tan a, 

. ^ 2 tan a /^,o\ 

sin 2a = -— r-. (113) 

1 + tan'a ^ ' 

l-tan»a ,,,^. 

cos 2a = - — -— r-. (114) 

1 + tan^a ^ ' 

These are proved by substituting on the right for tan a the* 

value . They are remarkable as being rational. 

cos a "^ 

EXSBCISSS. — ^VII. 

1. Find COB 60''. 

sin 120^ is equal to sin 60^, because 60"* is the supplement of 120° ;. 

.*. 2 sin 60°. cos 60* = sin 60°. 
Hence cos 60° = }. 

2. Find sin 30*. 

Sinee 60° is the complement of 80°, sin 60° = cos 30° 

.-. 2 sin 30° cos 30° b cos 80° 
.'. sin 30° B }. 
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3. Find sin 
Putting a " 



•or 
Hence 



Henoe 

Cor.— 
4. Prore 

€. 

7. 

6. 

9. 
10. 
11. 
12. 
13. 
14. 

16. 

16. 
17. 
18. 
19. 
:20. 
21. 
22. 



18*. 

18"*, we have, since sin 36^ a cos 64% 

sin 2a = cos So, 

2 sin a cos a = 4 cos'a — 3 ooe a. 

2 8ina«4coe»a-3 = 4(l -Bin'a)-8; 

.*. 4 sin'a + 2 8inaB 1. 

•too '^-l 
Bin a 8 Bin 18 s — : . 



cos 18' = 



_ V^10-I-2V6 

4 



(116) 



(116) 



COS a " sin a 



= sec 2a - tan 2a. 



COB a + sin a 

C0B2a=2 COS (t -«) cos (t +«)• 

cos^a — sin' a = cos 2a (1 — J sin' 2a). 

cos'a + sin* a = 1 — } sin' 2a. 

Bin 4a = 4 sin a cos a - 8 sin'a cos a. 

sin 5a = 6 sin a — 20 sin'a + 16 sin^a. 

sin 6a B 6 sin a cos a — 32 sin^a cos a + 32 sin^a cob a. 

COB 4a = 1 - 8 cos*a + 8 cos* a. 

cos 6a = 5 cos a — 20 cos'a + 16 cos^a. 

- cos 6a = 1 - 18 cos'o + 48 C08*a - 32 cos«a. 

4 sin 3a cos^a + 4 cos 3a sin' a = 3 sin 4a. 

tana tana 1 1 

tan 2a = -: ■ + 



1— tana 1 + tana"* 1 —tana l + tana* 
2 tan 2o = cot (45' - a) - tan (46" - a). 
Bin3a«4 sina (sin260*-sin«a)=48ina.8in60*-a) sin(60'+o). 
cos 3a=4 cos a (cos' 60*-cO8'a) =4 cos a. cos (60*- o) cos (60**+o)* 
tan 3a = tan a . tan (60"" - a) tan (OO"" + a), 
sin 20" . sin 40" . sin 60' . sin 80" « A- 
cos 20" . cos 40" . cos 60" . cos 80" « ^. 
tan 20" . tan 40" . tan 60" . tan 80" B 3. 
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Solre the following equations : — 

23. sin 2a? = a cos a?. 32. tan a? + 2 cot 2a; = sin a: (1 + tana? /2 tan :c- 

24. 3 sin a; a sin 2a; + sin 3a?. 33. tan a? - cot a; » cot 2:p — 4. 

25. tan a; + tan 2a; = tan 3a;. 34. sin 2a; = 6 sin' a; - 8 cos' «. 

26. sin a; = a sin' a;. 35. sia^a; + cos* a; s sin 2a;. 

27. cos 2a; = 4 sin a;. 36. tan' 2a;- tan' a; » 2 tan 2jp tan a^ 

28. cot a; — tan a; » sin a; + cos «. 37. tan a; . tan 3a; = 2. 

1-tan'a; 



29. cos 2a; + 3 sin a; B a. 38. cot 2a; = a 



1 + tan'a;' 



m.^ 1 — tan a; _ - «/» . 

30. ; — s 2 cos 2a;. 39. sin a; + cos x = a. 

1 +tana; 

31. 4 cos 2a; + 3 cos a; a 1. 40. 4 sin 5a; = cosec a;. 
41. FroTe 

»- 8ina;= 4 |sin» | + 3 sin'^ + 3' sin* ^3, &o., to inf. j. (117) 

X 

Dim. — ^In (106), put o = -, and we get 

a; X 

3 sin - - sin a; = 4 sin' -. 
3 3 

In this equation, change x into - and multiply by 3. Treat the result ixk 

o 

the same manner, and so on ; thus we get — 

X , X , X 

3'8in — — 3 sin — =4.3 sin' — • 
3'sin|-3'sin| = 4.3'8in'^3, 



3" sin 3»-^ sin ;r--r = * • 3"*^ sin' —. 

3»» 3«»-i 3» 

ence 

3»sin ^- sin^r » 4 | sin'|+ 3 sin' ^ + 3' sin' ^ . . . 3«-isin'|;j. 

X 

Now, if » be indefinitely large, — will be indefinitely small, and therefore- 

3'* 



Sin 
x^ sin a; 



dn ^ as --. Hence 3» sin — = a; ; 
3» 3»» 3» 

= 4 I sin'l + 3 sin' ^ + 3'8in' ^, &c., to inf. |. 
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42. Prove «» ^ = i { v/(10 + 2 Vs) - Vs (V6 - 1)|. (118) 

43. „ C08^ = i |V3\/(10 + 2V6) + (\/6-l)j. (119) 

[Make use of the relation x/16 = ir/6 — »/10.] 
. w V3-1 ir V^3 + l ,,^^^ 

45. „ tan »/12 = 2 - VS, cot ir/12 = 2 + ^3. (121) 

46. „ ™^ = i[^/(5 + V6)-y(3-V6)j. (122) 

47. „ «o« ^ = i {v^(^ + ^^) + >/(3 - ^6) j. (123) 

48. „ 8m^ = ij(V3 + l)A/(3-V5)-(V3-l)v/(5 + V6)j. 

(124) 

^9. „ cos^=i|(V3 + l)\/(6+V6)+(\/3-l)v^(3-V6)|. 

(125) 
[Make use of the relations g = ^-;^; ^o^^-fs] 

50. „ 8in«>«-«*/6. (126) 

•Since the sin of an arc is less than the arc, 

sin — < - sin — < — . &o. 
3 3 3» 3*' 

Hence, from equation (117), we have 

' (x* a^ X* ) sfi 

« - sin* < 4 |-3 + - + ^^, &c. J ; that is, < -. 

Hence sin a? > « - a^/6. 

-61. Prove cos* < 1 - n; + ri- (127) 

li LI 

cos a? =s 1 - 2 sin« - ; therefore cosj;>1-2 (- ) ; 

2 \2 48/, 

0^ xS afi 
that is, less than ^ " FS "*" 24 " TTfi* * Hence, &o. 

The results in (126), (127) are very important in the construction of 
Tables. 
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SXGIIOK lY. — ^FofiHULAE FOfi SuBHULTIPLB AbCS. 

63. J^the cosine of an angle he given, the sine and the cosine 
of its ?ialfare each two-valued. 

Dem. — cos' J tf - sin'i 6 = cos 6, equation (100), 

and cos'i 6 + sin' J ^ = 1. „ (42). 



Hence cos ^ 6 



= ± Ji-t|^. (128) 



Bmi0^±J\^ipl. (129) 

Since f if cos he given, sin i and cos iO have each two given 
i>alues. 

Or thus : — If the priven value of cos 6 be a, and if a be 
a determinate angle, whose cosine is a, then the general value 
of § 28 is given by the equation 

6 s 2nv ± a. 
Hence i$ = nv ± ia; 

.*. sin J tf = sin (htt ± J a), cos j^ « cos (nv ± i a). 

These formulae give different values, according as n is even 
or odd. Thus, if n be even, 

sin ^ s ± sin ^ a, cos ^ « cos ^ a. 

If ft be odd, sin ^ 9 B T sin ^ (K, cos |- ^ « - cos J- a, 

showing that sin ^ 0, cos i are each two-valued, 

54. j[fthe cosine of an angle he given, the tangent of its half is 
two-valued. 



For tan'itf-i^; /.taniO-i ^^, (130) 
* 1+cos^' ■ Vl+cosr 

which proves the proposition. 



48 Trigonometrical Formulae. 

Or thu$ : — 

+««i/i "°*^ 2 9initf cos^g sing ,,^,. 

But if cos $ be giyen, sin is eyidently two-valued. Hence 
tan i$iB two-valued. 
Or again — 

^ ,^ sinifl 2sinH^ 1-costf ^ „^^^ 

tan J tf = — f^ = o ' ii3 1/1 - . >. , &c. (132) 
coBj^^ 2suiJ^co8j^ sm^ ^ ^ 

Lastly, from § 53, we have 

^O^nw ± Ja. 

Hence tan ^ ^ t= t tan } a. 

66. If the sine of an angle he given, the sine and the cosine of its 
half are each four-valued. 

Due. — We have 2 sin ^0 cos }^ » sin 0, 

Bin* - + cos' r =» 1 ; 



.'. sinjtf + cosjtf =s ± v^l + 8in^, 



sin J tf - cos J ^ = ± v^ 1 - sin^. 



Hence 2sini^ = ± \/l + sin^ ± \/l -sin^, (133) 

2cosJtf=±\/l + sin^T v/l-sintf. (134) 

From these equations it follows that sin ^ 0, cos i have each 
four values equal, two by two, in absolute value, but of contrary 
signs, and that the values of sin ^ are the same as those of 
cos i 0, except in sign. 

These results may be shown otherwise as follows : — ^From 
§ 27 we see that all the values 6, having the same sine a, are 

a 2«7r + a, ^ = (2» + l)7r - o. 
Hence Jtf « iwr + Ja, ^^ » nir + ^{ir - a). 
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'Whence — 

cos J ^ = cos (WTT + i a) = 

cos J ^ = cos {rnr + J (ir - a) ) = 

sin ^ = sin {mr + J a) = 
sin ^ ^ = sin (nir + J (tt - 



+ cos J a, n even. 

- cos J a, « odd. 

+ sin J a, « even. 
- sin j^a, n odd. 

+ sin J a, n even. 

- sin ^ a, » odd. 

. V _ (+ cos J- a, n even. 
|- cos J a, » odd. 



66. It is necessary to know the proper sign to be given to 
the radicals in equations (133), (134). This depends on the 
quadrant of the unit circle in which the arc ^terminates. It 
suffices to know the signs, which it is necessary to take in 

sinJtf + cosJtf = ± -y/'l + sin 0. 

sin i tf - cos J ^ = ± y^l - sin^. 




Let JVi, JV,, JVt, JVi be the middle points of the four quadrants 
of the unit circle ; If the extremity of the arc ^ ^ ; JR, ^' the 
radicals 

y^l + sin 0, -y/l - sin $. 

E 
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V, If if falls on the arc iViiT*, J^ is comprised between 
2n7r -K 9r/4 and 2nv - 'R-/4 ; then sin ^0 is in absolute 
value less than cos ^0, which is +. Hence we take 
+ JK, — -B . 

2\ If Jf falls on the arc JVi-ffiVi, i$ lies between 2«ir + ir/4 
and 2n9r + d7r/4, and in absolute value sin i-tf is greater 
than cos i$, and we take +It, + Id* 

3**. If M falls upon the arc N%A!Nz^ \B lies between 
(2» + 1) TT - 7r/4 and (2» + 1) ir + ir/4 ; and evidently 
we must take -i2, +i2'. 

4^. If if falls on the arc N^B^N^,^ ^0 is comprised between 
(2nff + 1) IT + ir/4 and (2« + 1) ir + 3 ir/4 ; and the 
radicals are - i2, - i2'. 

These results may be proved analytically as follows : — 

If\B lies hetwem 2nir-\-irlA and (2n + !)«• + ir/4, iin^B-cos^ 
is positive ; and if between (2n - 1) ir + 7r/4 and 2nir + ir/4, 
nn ^0 - ^« j^tf M negative. 

For sin^itf-^J=(8inie-cosJ^)-~=. Kow if Jtf Kes 

between 2«7r + 7r/4 and (2» + 1) ir + Tr/4, iO - irjA. lies between 
2n7r and (2n + 1) tt, and its sine is + ; .*. sin j^ - cos ^ tf is +. 
In the same manner, if Jtf lies between (2« - l)ir + 7r/4 and 
2n7r + ir/4, sin J ^ - cos J tf is -. 

If ^6 lies between 2nv- ir/i and 2nir + 3 ir/4, sin ^ + cos i 
is + ; an(? (f between 2nir - 5 ir/4 and 2nir - 7r/4, m J ^ + cm i ^ 

This may be proved by the equation — 

sin [ i- tf + J j = f sin i tf + cos.i ^ j -y^. 
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67. J^the tangent of an angle he given, the tangent of its half is 
itoo-valtted, 

Dem. — We have tan 6 = -—--♦ Equation (101). 

1 - taa* ^6 ^ N V 

Hence, patting tan iO = x and tan 6 = af we have 

a?« + -a?-l=0, (135) 

a ^ ^ 

A quadratic which has two real roots, aud which proves the 
proposition. 

Or thus : — ^Let a be a determinate angle, whose tangent is a ; 
then we have (§ 29) — 

^ (^ = (2p + l)ir + a; 

whence 

tan Ipir + 5 ) " ^^ i **> 

taJilpTr + ( 2 + 2J1 ° " ^^* * *• 

Hence we see also that the product of the two values of 
tan i^ = - 1. If the value of be given, tan ^6 will have 
but one value, which will be + if Jtf terminate in the 1st or 
^rd quadrant, and - if in the second or fourth. 

68. If the cosine of an angle be given, the cosine of its one- 
third is three- valued. 

Dem. — ^In the formula cos 3a = 4 cos' a - 3 cos a, put a = -, 

6 

^md we get cos » 4 cos^ - - 3 cos -. Hence, putting cos (7 a> a 

o o 

and cos ^ = a?, we get 
o 

i»-^a:-| = 0. (136) 

This equation has three real roots, all of which are ad- 
missible. 

B2 
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Por if we put cos $ = a, and if a be a determinate angle- 
whose cosine is a, we have (§ 28) = 2n7r ± a. 

Hence cos - = a: = cos I — - ± « 1 ; (137) 

and putting for n the values tf, 1, 2, we get for a? the values^ 

a 27r + a 47r + o ,^ «^. 

cos-, cos— ^ — , cos— g— , (138) 

which are all real, and are the three roots of the cubic (136). 

If we put for n higher values, 3, 4, 6, &o., we get evidently- 
the values (138) over again. 

Cor. — The three factors of the equation (136) are 

a 2ir + a 4w + a 

a; - COS -, a? - cos — - — , x - cos — - — . 
3' 3 ' 3 

Hence, from the theory of equations, we infer — 

^ 27r + a 47r + a- /^o^v 

1**. cos - + cos — - — + cos — - — = 0. (139)' 

o o 3 

^ a cos 2ir + a 27r + a 4ir + a 

2*. cos - . + cos — - — . cos — - — 

3 3 3 3 

47r + a a 3 /, ^^x 

+ COS — - — . cos - = - -. (140> 

... a 27r + a 4?r + a /,^,\ 

3°. 4 COS - . cos — - — . cos — - — s cos a. (141 ) 

o 3 3 

From this article it follows that the problem of trisecting anr 
angle depends on the solution of a cubic equation, and con- 
versely, that the solution of a cubic equation can be effected hy 
means of tables of the circular functions. 
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ExEECrSES. — ^VIII. 

1. If cos a = i, find the values of cos Ja and sin ^a. 

2. „ 2 cos a = — ^/l + sin 2a — Vl — sin 2a. In what quadrant does a 

terminate ? 

-3. ,f tan 29 = ^, find the values of tan 0, sin 9, cos0. 

4. ,, sina^i, prove tanjas 2 ± V3. 

5. Prove coseo a + cot a = cot }a. (142) 
<6. „ cosec a — cot a = tan^a. (143) 
7. n sec a + tan a » tan (45° + i a). (144) 
S, „ sec o - tan a = tan (46* - §a). (146) 

9. „ tan^a = tan'^ Ja . tan^JiS, if cos d = <^« + <^Q«^ , 
^ * ^ ' l + cosocos)3 

10. „ tanH« = tanHa.tan4i8, if cosa ^°««-^°«^ 



1 - cos a cos /3 

11. „ cotja — tanj^a = 2cota. 

12. ,, tan a + 2 tan 2a + 4 tan 4a + 8 tan 8a = cot a - 16 cot 16a. 

13. Sum the series coseo a + cosec 2a + cosec 4a, &c., to n terms. 

[Make use of (142).] 
14-19. Solve the following equations : — 

14. tan (0+^1 = l + 8in2tf. 



(-9- 



1^- tana = (2 + V3)tan|. 

o 

16. cos }9 s a (1 — cos 0), 

17. tanj0 = a(l-cos0). 

18. cosj^0 + sin}d = a((l + siii0). 

19. cos0(l-tanid) = a(l + tanid). 

20. Calculate sin} 9, co8^0 in functions of tan 0. 

$ 

21. „ 8ui-y cos 7 ff cosO. 

4 4 

20 

22. ff sintf, COS0 „ cos-^. 

o 
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J 

23-30. Froye the following series of values : — 

23. 2cos^«a/2 +V^, 28m ^=V^2->/2. (146) 

o o 



24. 2cos~»V 2 + \/2 4V2, 28in:^= V 2 - a/2 + V2. (147) 

lo 16 



26.2cos5^-j2 + v/2 + v^2 + V2, 2^^=>/2-v/2+y2+V2, 

ftc. (148) 

26. 2c08~ = V^2 + V3, 2siii~«V^2 -V3. (149) 

27.2coe;J^-'/2 + v/2+V8, 2 rin^ = "/^ - -/2 + vl. (160) 

24 24 

28.2cos^=j2 + v/2+v/2Tvl, ^ «in^=j2-/277^+^,i 

&c. (161) 



29.2c^^-\/2 + V'i(6 + V6), 2 8in^ = V^-\/i(6 + V6). 

(162) 

80. 2C0«^=j2+v/2T7IPvl), 2'^^=j2--/2+v/j(TV?). 

(163) 

31. Ftore taii^ = V^-l. (164) 

32. „ taii«:J^ = 7 + 4V2-(2 + V2)*. 

lo 



W . ,X IT . IT 1 

—- Bin' - — 008-8111-- = --. 

10 5 6 10 16 



33. „ cos* rr sin' - — cos r sin rr = rrr. 



34. If sin a s a, prove that the three yalues of sin a/3 are the roots of 

the cuhic ix^-Zx + a^ 0. (165) 

36. If tanacB.Oy prove that the three yalues of tana/3 are the roots of 

the cuhic a^ - Zaa^ - 3^; + a s 0. (166> 

36. If sec (0 + a) + sec (e - a) = 2 CO80 ; 

prove that cos = V2 cos }a. 



'l 



>.C9 
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Solve the following equations : — 

37. tan («•-«) + tan (46°+ a) = 4. 

38. coB39 + 8coB'a = 0. 

39. cos } (ft + 1)0 + cos} (n - 1)0 s= sin 9. 

40. 2coseo9-cota = Vs. 

41. tan a + tan 20 + tan 30 + tan 40 »0. 

42. 8 sin ^0 + 1) cos«0 + 8 cos ($ + 1] sin30 + 6 sin ^20 + T ) = ^• 

Section Y. — ^Fobuulae fob thb Tbinsfoemition op Pboducis. 

69. From tlie fundamental formulae (62)-(65), others can be 
inferred bj tlie simple processes of addition and subtraction. 

Thus, taking the sum and the difference of (62) and (63), . 
and also of (64) and (65), we get 

sin (a + )8) + sin (a - )8) = 2 sina cos j3. (157) 

sin (a + )S) - sin (a - ^) = 2 cos a sin )8. (158) 

cos (a + )8) + cos (a - j8) = 2 cos a cos /S. (159) 

cos (a - ^) - cos (a + ^) = 2 sin a sin j3. (160) 

80. Applications — P. The formulae (157)-(160) are used in 
proving identities by traasf orming products into terms of first 
degree. 

I. — ^Thus, to transform 4 cos a cos j3 cosy into a sum, we have 

2 cos a cos^ s cos (a + )8) + cos (a - fi). 
Hence (Equation 159.) 

4 cos a cos )3 cos y B 2 cos (a + ^) cos y + 2 cos (a - )8) cos y 

»cos(a+^+y)+cos(a+)8-y)+cos(a-^+y)+cos(/3+y-a). (161) 

II. — Prove that 
8ina.Bin(i-0) + 8inJ.8in(<r-a) + sin0.sin(a-3) = O. (162) 
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We have 

2 Bin a Bin ( J - c) = cos (<» - 3 + tf) - cos (a + i - c), 

2 sin 3 sin ((^ - a) = cos {b - e + a) - cos{h + c - a), 

2 sin sin (a - 3) s cos (^ - a + 3) - cos ((? + a - 5) ; 

and, when added, the terms on the right cancel each other. 

2*. The formulae (157)-(160) are ofteti employed in solving 
equations. 

EXAMFZB. 
Solve the equation sin (i; + 30°) q(m{x- 45°) s }. 
We have, making a = x-\- 30% and /3 = « - 45% in (157), 

8m(2a:-15°) + 8in76°=t; 
.-. sin (2aJ - 15°) = f - sin 75°. 

The trigonometrical Tables will give for 2a; — 15° a value, say a, com- 
prised between and ir/2 ; then 

2a? - 15° = 2nx + a, or (2« + 1) ir - a ; 

a + 15° IT - a + 15° 
.*. « = WIT + — - — , or fiir •{ 5 . 

Exercises. — IX. 

1 . Transform 4 cos }a sin } & sin J^ into a sum. 

2. „ 4sinjasin^d sin}^ „ 
3 ,, 4sin}a cos}3 cosjtf „ 

4-8. Prove the following identities : — 

4. cos a sin (i — <j) + cos J sin (tf — «) + costf sin (a — ^) = 0. 

5. sin (a - d) sin (c - rf) = cos (a - e) cos (i - rf) — cos (a - d) cos {b - e). 

6. sina shift + sine sin(a + J + <?) = sin(a + e) ean{b + e). 

7. cos {a + b) cos (a-b) + cos {b + e) cos (b - e) + cos {e + a) cos {c - a) 

B cos 2a + cos 2ft + cos 2e. 
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8. sin (a + h) cos (a — ^) + sin (J + c) cos (^ — c) + sin (c + a) cos (« — a) 

s= sin 2a + sin 25 + sin 2e, 

9-10. Solve the equations : — 

9. sin {x + 8°) cos (a; - 8**) = cos 46* sin 61*. 
10. . cos {x + 16») cos {x - 16') « sin 46» sin 75\ 



Section VI* — ^Fokmuiab foe the TRiNsroRHiLTiON of Stjms into 

Pboducts. 

61. By an easy transformation the formulae (157)-(160) give 
four others for the sum and the difference of the sines and the- 
cosines of two angles. 

Thus, let (a + )8) = (T, (a - jS) = 8 ; 

then a = i((r + 8), iS = i(o--8). 

And, substituting these values in (157)-(160), we get, after 
putting for uniformity of notation, a, p for o-, 8, 

sina + sinj8 = 2sinj(a + j8) cosJ(a-j8), (163) 

sin a - sin^ = 2 cosi-(a + P) sini-(a - P), (164) 

cos a + cosjS = 2 cos J(a + P) cos J(a - P). (165) 

cos)3- cos a »2sini(a + j8) sini^(a-)S). (166) 

These formulae are so important, and recur so frequently, that 
it will be advisable for the student to commit the following 
enunciations to memory: — 

Of any two angles, the 
Sum of the sines = 2 sin ^ sum . cos ^ dSS.. 

DifE. „ =2cos^ sum . sin ^ diff. 

Sum of the cosines ^'2cosi sum . cos i diff . 

Diff. „ ^2smi sum . sin i diff . 
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62. If we take the quotient of each pair of the fommlae 
(163)-(166), we get the following results: — The first is re- 
daced hy dividing both numerator and denominator by 

2 cos J(a + P) cos J(a - fi), 

and the reduction of the others is obvious. 

(8ina+sin)8)/(sina-sinjS)=.tani(a + j8)/tani(a-)3). (167) 
(sina + sinj8)/(co8a + cos^) « tan J(a + )3). (168) 
(sin o + sin ^)/(cos)3 - cos a) = cot J(a - j3). (169) 
(sina - sin^)/(cosa + cos)8) = tan J (a - fi). (170) 
(sin a - sin )3)/(cos)8 - cOs a) = tan i (a + jS). (171) 

(cos a + cos^)/(cos)3 - cos a) = cot ^ (a + )8) cot J (a - )3). (172) 

The formula (167) is of frequent use. The sum of the sinee of 
two arcs is to their difference as tan i sum of the arcs is to tan i 
difference. 

63. If in the formulae (163), (165), (166) we make j3 = 0, 
we get, remembering that cos(O) s 1, and sin(O) s 0, 

sin a s 2 sin ^a cos ^a ; 

1 + cos a B 2 cos'^a, or cos a « 2 cos' J a - 1 ; 

1 - cos a s 2 sin'^a, or cos a » 1 - 2 sin'^a. 

Prom the two last we get, by subtraction, 

cos a = cos'^a - sin'^cu 

These formulae have been obtained differently in § 49, equa- 
tions (99), (103), (104), (100). They are so important that we 
recommend the student to commit the following enunciationa 
to memory : — 

sine angle a 2 sin ^ angle . cos i angle. (99) 
1 + cos . angle » 2 cos'i angle. (l^^) 
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1 - coH . angle = 2 Bin'J angle. (104) 

COB angle = eos'^ angle - aia'i angle. (100) 
From (103), (104) we get, by changing o into (Jir - o), 

1 + sina = 2 ao^i{iw - a). (173) 

1 - dno = 2 sin»i^(j7r - a). (174) 

64. ApplioatioilB. — The formulae of this sectioii are of the' 
highest importance. They are frequently employed in trana- 
forming polynomiaU into monomials, in order to render them 
adapted to logarithmic calculation. They ore alee need in the- 
resolution of equations. 

ExAHPLE 1, — Eedt 
sin ^ -f sin £ ' 
"We have 

sin ^ + sin J 

Bia{A + S+ C)- si 

Hence, by suhtractioi 

Bin^ + siE 

-2sini(^ + i; 

= 4ainl(^ + 5; 

This formula may 1 
the notation, or by pi 
infer from it several ( 

1°. Replacing A, 2 

ve get cos^-i-c( 

_4cos 
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2*. If (-4 + -B + (7) = w, or if A, B, C be the angles of a 

triangle, we get 

JL B C 

Bin u£ + sin ^ + sin C = 4 cos — cos cos — , (177) 

^ Ji ^ 

ABC 

and cos-4 + cos-B + cos C-l = 48in-— sin— sin— . . (178) 

^ M Ju 

Also sin2^ + 8in2^ + 8in2C7== 4 sin^ sin^ sin C, (179) 
-and cos2-4+cos2^+cos2C7+l+4cos-4cos^cosC=0, (180) 

8®. The formula is applicable if 

-4 + .B+ (7=0, 
We can then replace 

A,B,Chjp-y, y - a, a - ^, 
-which gives 

sin ()8 - y) + sin (y - a) + sin (a - )3) 

+ 4 Bin^^ sin^^. sin?!^ = 0. (181) 
cos (iS - y) + cos (y - a) + cos (a - jS) + 1 

= 4 cos ^^ cos 31Z-? . cos ^^-^. (182) 

^2 2 

4®. Ji A, B, C be half the angles of a triangle, we have, 

putting — , y, — for A, B, C, 

A B C , ir-A w-B ir-C 

cos — + COS -— + COS •:r- = 4 COS — - — COS — :: — cos — - — . 
2 2 2 4 4 4 

(183) 

, A . B . C^^.ir-A.ir''B.ir^C 

«in — + sin — + sm -- - 1 = 4 sin — - — sin — - — sin — : — . 
2 2 2 4 4 4 

Example 2. — ^Keduce to a monomial 

1 - cos* -4 - cos'^ - cos' 67 + 2 cos ^ cos B cos C. 

Adding and subtracting cos'^ cos'^, we get 

(1 - co8'-4)(l - cos'-B) - (cos C- cos-4 cos-B)* 

» sin' -4 sin'jB - (cos C- cos-4 cos-B)* 
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a^siiiuiisin^+cos C7-cos^cos^)(siiiu^sin^-cos C-\-(ioaAcoBBy 

= {cos C - cos {A +£)] {cos (-4 - -5) - cos C] 

^ . A + J8+C . A^B-C . A^JB+C . C-A + B 

« 4 Bin sin . sin . sin . 

^ ^ 2 2 

(186) 
Similarly, cos' -4 + cos* ^5 + cos* C + 2 cos^ cos -5 cos C7 - 1 

, A + B+C A + B'-C A-B-\^C C-^A+B 

= 4 cos cos . cos cos ^ 

2 2 2 2 

(186) 

Example 3. — Solve the equation 

sin rp + sin 2« + sin 3a; = 1 + cos 2x. 

We have sin or + sin 3a; = 2 sin 2a; cos x, 

and sin 2a; = 2 sin x cos x. 

Hence 2 (sin 2ar + sin or) cos a; s 1 + cos 2a; = 2 cos* or. 

Hence we get as a first solution 

IT 

COS a; = 0, or a; = (2n + 1) -, 

and there remains 

sin 2a; + sin a; a cos x. 

Hence sin* 2a; s 1 -. sin 2a; ; 

therefore sin 2a; = - J ± —--. 



EzEBdSES. — X. 

1. Proye sin 4a + sin 2a = 2 sin 3a cos a. 

2. „ COS 2a - cos 4a = 2 sin 3a sin a. 

3. „ 8in3a + 8in5a= 8sinaco8^acos2a. 

4. ff cos a + cos 3a + cos 6a + 008 7a s 4 COB a . COS 2a . cos 4a. 



•62 Trigonometrical Formulae. 

5. Prove Bina + cosi3 = 2cos| j- -f a + ^J jcosj --fa- /3J |- 

(187) 

6 „ smo-C08i3 = 2sin|^-^fa-i8J |8inJ-(a + j8J -^|. 

(188) 

7. „ 8ino + cos/3 = 2 8m|j + -fa + /5J J8m|' + -fo-j8j j 

(189) 

8. „ 8ina-cosi8 = 2co8J^ + -ra-i3] IcosJy -oV*"'"'^) {• 

(190) 

9. „ cos 56". C08 65" + cos 65°. co8 175* + cos 56". cos 175" = - f . 

10. „ { sin (a+ /3) + sin (a- /3) }/ {sin (o + /3)- sin (a -i8)} = tana/tan jS. 

11. „ {co8(a+i3)+cos(a-i3)}/{cos(a-i3)-cos(a+/3)} = cota.coti8. 

12-15. Keduce the following to monomials : — 

12. sin a + sin 2a + sin 3a + sin 4a. 

13. sin a + sin 2a + sin 3a + sin 4a + sin 5a. 

a fi y 

14. 1 + cosa + cosjS + C0By± 4 cos -. cos- .cos ^. 

« « « 

15. 1 — cos a — cos /8 — cos 7 ± 4 sin - sin - . sin ^. 

it 2i 2i 

16. Prove co8(3n+l)a + cos(3n-l)a+ 3cos(ff + l)o + 3cos(«-l)« 

= 8 cos a cos'fta. 

17. I, cos^ a + sin^ 3a — cos^ 2a = 2 cos a sin 2a . sin 3a. 

18-23. Solve the following equations : — 

18. (sin ^ + sin 2.r)/cos \x — a, 

19. sin - = a (cos 2^ — cos x), 

20. sin {^x + a) + sin (3a; - a) + sin (a - a?) - sin (a + ar) = cos a. 

121. sin ^ + sin 22; = + cos ^. 

122. sin ^ + sin 2a; + sin 3a; = 1 + cos a; + cob 2a?. 

23. 1 + 2 sin a; = 2 sin Zx, 

24. Prove sin*^ + sm*--- + sm* -— + sin*— = - . 

o o o 2 
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26* If tan^, tan^, tan (7 be in A, P; proye that 

8in(J?+ C--4), sin((7 + -4-J9), sin (-4 + 5 - C), 
are velAP, 

26. If (l + 8m^)(l+8m-B)(l+sinC) = (l-sm^)(l-sin5)(l-smC), 
f>roYe that each is equal to cos A cos B cos C, 

27. In the same case, prove 

sec' -4 + sQG^B + sec* C7 = 2 sec ^ sec B sec C, 

28. If cot A, cot Bj cot (7 be in AF; prove that 

sin (^ + C) cosec ^, sin (C7+ ^) coseo B, sin (^ + B) cosec C', 
are in ^P. 

29. If cos d = ; , prove that tan i d = ^ . tan i «. 



1 — dCOSW 

16-' 



2ir 
30. If a = —« P^O'^o ^^^ <!0S a + cos 2a + cos 4a + cos 8a = ^. 



31-34. Having given sin a + sin /S = a, cos « + cos /3 b ^ ; 

a o 

31. prove that tan - + tan ^ = 4a/(a»+ ** + 2b). 

2 2 

32. „ tan a + tan /3 = 8ai;( (a« + ^2)2 _ 4^2). 

33. „ cos 2a + cos 2^8 = (* - a^) (l - -5 | . 

34. „ cos 3a + cos 3^ = P- ZaH - 3* + 12a ^^/(a' + «»). 

35. Prove that 

(l-tan*^^ ^l-tan*!^^) (l - tan» ^3) .. • toinf. = acot«. 

XXX sin d? 

36. Prove that cos - . cos — . cos — ... to inf. = , (191) 

Ji il Z X 

37. Prove Euler's formula — 

flin^ + sin(36'-^) + sin(72» + -4) = sin(36' + ^)+sin(72'-^). (192) 

38. Prove Legendre's formula — 

cos ^ = cos (54*' + ^) + sin (54' -A)- sin (18« + u4) - sin (18» - A), (193) 

39. Prove Legendre's formula — 

cos -4 = cos (36° + ^) + cos (36°-^)-cos(72»-ii) -cos(72» + -4). (194) 
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w 1 + ^13 

40.11 a«s -p prorethat eota-|-cot3a-l-eoB9a» — j — » 0-^^) 

1 — ^13 
and CM 6a -I- eot 7a + 008 11a = — . (196) 

This question if prored hj showing that the sum and the product of 
eoa a + cos 3a + oca 9a and oca 5a + oos 7a + ooe 11a 
are } and — f , respectiTelf. 

41. Prore that the inscription of a polygon of 13 sides in a circle depends 
on the solation of a hiqnadratic equation. 

Hence, from (196), cos a + cos 3a - cos 4a = ii_il, 

4 

or 4co8'a- 2cosa- 1 + 8 cos'a- 8co8*a = Li.ll?; 

4 

and putting 2 cos a « a;, we get 

jr* - •» - 4*» + 2a? + ^ + ^^^ = 0. (197) 

2 



Section VII. — Fobmxtlae betweeit Intebse Functions. 

65. From the definitions of inverse functions (§ 30), we see- 
that every relation between the direct circular functions has 
a corresponding relation for tlie inverse. Thus, from the^ 
equation — 

tan (a, + a.) = i^S^^Lli??^ (66), 
^ ' ^^ 1-tanaitana '^ ''' 

. , ( tan tti + tan a, ) 

we get ai + oa a tan"* i — ; } . 

(1 -tanai tanot) 

Now, put tan ai s Oi, tan a, - Os, 

then ai = tan'^Ai, og » tan'^Os. 

Hence tan-^Hi + tan-^a, - tan-^ Ip-^^j • C^^^) 
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which is the inverse forinula corresponding to (66) for the tan- 
gent of the sum of two angles. 
In the same manner, 

ta.-«.-taa-'^ = tan->AZ^. (199) 

66. The equation (198) can be stated differently. Thus, if 
ai, Os be the roots of the quadratic 

then tan-^ <ii + tan-^ a, = tan"* , ^' . (200) 

We can generalize this result as follows : — 

To both sides of (200) add tau'^, and we get 

p. 

tan"*ai + tan"*aa + tan-^^jfg = tan"% + tan~^ ~- — 

l-i?a 

^tan-^L^..^j/jl,.f^Ltan-^(^^^^»^^3--^i^»^ j 
I I-JP2J/ ( l-i?«) (l-aiaa-<?2<3f8-«8«i)* 

HencOi if a^ 02, a^ be the roots of the cubic 

tan-* ai + tan'* (h + tan"* a^ = tan-* ItZ^ \' (^^ ^ ) 

Similarly, if ai, Oz, (h) ^i l>e the roots of the quartic 

a^ ~ PiO^ + PiU^ " PzX + Pi ^ 0, 

tan-* Oi + tan-* (h + tan"* a^ + tan"* a^ = tan-* { ^IZIlJ . (202) 
And so on for the sum of any number of inverse tangents.- 

F 
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EXKECISES. XI. 

1. Prove 2taii-ia = tan-M j— -jj. 

* , /3a - a'\ 

2. „ 3tan-i« = tan-i^j— 3-^j. 



3. 



>> 



6. 



9. 



(203) 



(204) 



t^l^i^l^l .(^^) 



6 4taii-ii-taii-i — = -. (2.06) 



4 tan-^ - - tan-i J_ + tan-i i = ^. (207) 

7. „ tan-^ i + ten-i ^ + tan-i i 4 tan-^ - = ^. (208) 



8. „ tan-ij^ + tan-^^^g + tan-^YTn-"^'-'*"^^^ 



1 + 2 

4 . , 5 . , 63 



10. „ sin-^-fBin-^ = ^. 

1 1. If tan'a = tan (a - o) tan (a - fi), 

, (2 sin a sin /3) 
prove 2fl = tan-i|-^.^^^^^j-J. 

12. If sin e = sin a/sin 7, cos fl = sin fijean 7, 
prove coa^ « " sin^jS + cos«7. 

13-20.— Find the values of a; in the following equations 

13. * cot-la; + cot-^(»'-«+l) = c^*'H'*-^)* 

14. . sin-ia!+Bin-i- = -. 
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15. tan-i 2x + tan-^ Zx^-. 

4 

2ta„->. = sin->(^)+sin->(-?L). 

1 7. cot-* 7 + coH = tan"^ 3a? - taji-^ a?, 

« + 1 a?- 1 

,_ ,1 .a.\ .h 

18. COS"^ - + COS"* - = cos-* - + COS"* -. 

a X X 



19. sin (ir cos x) a cos (ir sin x), 

■20. tan-i 



a:- 1 . ,a?+l ir 
+ tan-* = -. 



x-% a; + 2 4 

SeCTIOUT VIII. — TrIGONOIOBTMC ELUCUffATION. 

67. The process of deriving from n simtdtaneous .equations con- 
taining (» - 1) qtiantities, a new equation from which these will he 
ahsenty is called elimination. 

Every student is familiar with elementary elimination in algebra; for 
the method of solving two simultaneous equations, containing two unknown 
•quantities, is to eliminate one of them, and from the resulting equation find 
the value of the other. Three simultaneous equations are solved by elimi- 
nating two of the unknowns, &c. The higher departments of algebraic 
elimination forms an important branch of analysis. 

Trigonometric elimination occurs chiefly in the application of 
Trigonometry to the higher branches of Mathematics, as for 
€xample in Physical Astronomy, in Mechanics, The Theory of 
Envelopes in Analytic Geometry, &c. As no special rules 
can be given, we illustrate the process by a few examples, 

68. Eliminate from the equations 

X = a coa<f>, g = h sin ^. 
From the given equations we have 

- = cos <^, I = sin <^. 

F 2 
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Hence, if we square and add, we get 

The simple process employed liere is of frequent recurrence* 
The following is a more difficult example : — 
Eliminate ^ from the equations 

y cos - AT sin ^ a A cos 2<l>, 
y sin ^ + :r cos ^ s 2a sin 2<f>. 
Solring for x and y, and then adding and subtracting, we get 
(^ + y) 8 a (sin ^ + cos <^)(1 + sin 2^), 
X -- y = a (sin ^ - cos ^) (1 - sin 2^). 
Hence (a? + y )* = a» ( 1 + sin 2</»)», (a? - y)* = a'( 1 - sin 2<^)3 ; 

{x + y)5 + (a? - y)J = 2a*. 

69. As an example of the elimination of two unknown quan- 
tities, let us take 

5 + <? cos a = w cos(a + tf), 3 + <? cos)8 = « C08(^ + 5), a - ^ = 28. 

If we put a + jS = 2<r, 

we get, by adding the two first equations, 

2h + 2c cos o- cos 8 a 2tt 008(0- + 6) cos 8 ; 

and, by subtracting, 

2 « sin o" sin 8 » 2t« sin (o- + 6) sin 8 ; 
/. (? cos o- - tt cos (<r + 5) = - 3 sec 8, 
and <? sin o- - I* sin (o* + tf ) = 0, 

Square and add, and we get 

^ + M* - 2CU cos tf = y 660*8. 
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As another example, eliminate 6 and <f> from the equations 

a? = «' cos ^ + y' sin^ cos d, y = a:' sin ^ - y' cos ^ cos tf, 

2 = y' sin tf . 

If we square and add, we get 

ar* + y'* + «• = a?'' + y'^. 

In the same manner we may eliminate y and ^ from the equa- 
tions 

^ a (7 siny cos ^9 y = 5 sin y sin ^, 2 = cos y ; 

/jj2 ^2 2^ 

the result is ' -7 + it + -? = !• 

c^ tr fr 

70. Eliminate x^ y, s from the equation 

•c* — y' s' 

r^ COS tf = TT COS tf', 

•and the proportions 

x\y\%\\ sin(ft+ &) : sin(e -r ^) : sin2tf. 

Prom the proportions^ we get 

a^-y» ^ sin'(g+y)-sin'(g-^) Bin2y 
8* "^ sin»2^ '°sin2e' 

and from the equation 

iu* - y' a* cos & 

«' 5' cos Q 

Hence 

fl» sin^ 

^»"sin«* 
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EXEBCISES. — ^XII. 

Eliminate ^ from the following pairs of equations : — 

1. a; = aco8'^, y = 5sin^^. 

2. a; = sec ^ — cos ^, y ^ cosec ^ — sin ^. 

3. cotacot^B.m, sinasin^en. 

4. tan + cot ^ = m\ sec ^ — cos ^ = «'. 

sec** - 1 a; , o 23 

6. — -r- — : = -f sec'A + cos*d) = — . 

800*^+1 a ^ y 

6. x = e log (sec ^ + tan (p), y = c sec^. 

7. X = a tan'^, y = 2a cot ^. 

8. ^ = 2 tan^ + 4tan3^, | = tan^^ - 3tan*4>. 

/-= 3 cob'a sin' a 1 

10. sin ^ sin = sin a sin jS, tan ^ cos /S = cot -. 

8in(4)-a) _ a cos(^-a) _ e 
sinl^-iS)"" *' c08(^-;8) ""5* 

12. tan 6 = cos ^ tan a, tan ^ sin tf = tan jS. 

13. jT 8s 3 COB ^ + cos 3^9 ^a 3sin^ — 8in3^. 

14. adn2^ + 23 8in<^ + «s0, o'cos^^ + 23'cos^ + ^= 0. 

- sind cosd __ 1 

a»-l " 2aBin2</> " 1 + 2a cos 2^ + a*' 

16. 4 (cos a cos ^ + cos 0) (cos a sin ^ + sin 0) 

= 4 (cos a cos ^ + cos i^) (cos a sin ^ + sin \|^) 
= (cos 6 — cos i//) (sin - sin ^). 

^ cos (g - 30) sin (g - 3<^) 

17. r- = r-«— = »». 

COS^0 sm^^ 

18 CO8(g + 0) _ co8(i3+0) _ cos(y + 0) ^ 

sin'g sin^iS sin^y ' 

g, iS, 7 being unequal, and each less than v.. 



y'' 
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19. :; — -= — — — 21 =tan(A-o)taiiiS. 

20. (a+^)tan(^-a) = (a-d)tan(^ + 0), a cos 29 + d 008 2^ = <;. 

21. co8(9-^ + o)o08(^-o) = coa(0-^-a)cos(^+a) = tf. 

22. :F=sec^ + cosec^tan^^(sec^^ + l)) y = taii^— taii3<^(sec^^+l). 

23. mco8^=Vj(l -m\ tan'^^^tana. 

ain^ cos^__?_ cos^^ 3sm2<^ ein'^^ 4 
a b '^ab a* ab A' ab' 

25. a cos ^ + ^ sin ^ = tf, a' cos ^ + ^' sin ^ = <;'. 

26. Eliminate % from the equation 

2^ tan ^ 0^ tan ^ — x 



tan a + tan /3 tan a tan /S 



=s a— a;. 



Eliminate 9 and ^ from the following triads of equations : — 

27. sina = 2sin-.8in^, cos a = cos /3 cos ^ = cos 7 cos 9. 

2 2 

28. a;cosj^(0-^) = cos9cos^cos}((^ + ^)» ysini(0-^) 

= sin0 sin^ sin |(0 + <p), a cos cos ^ + ^ sin0 sin 4> = e. 

COS a cosd cos^ sin^ ^ 2 

30. tan 9 cot ^ = tan a cot a', cos^0 = cos0secj3y cos'^ = cosa'seci9. 

31. ^sin*9 — ^sin*^=i?, j?co8*9 — ^cos*^ = y, sin (9-^) = -^. 

32. zoQ80-\'yw[iessxcoa<l>-\'f/sm(l>=l, 

4 cos J(fl - <p) cos J(a - e) cos i(a - ^) = 1, 

33. a?co89 + y8in9 = iCCOs(9-2^)-ysin(9-29) = a, 

a sin 9 + 3 sin(d - ^} = 0. 

34. + ^ = a, tan9 + tan^ = a, cot9 + cot^ = 6. 

35. «an^9 + a'oos'9ady a'sin^^ + «C08'^ = 6\ atana^^tan^. 
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a h a b 

37. sin a COS 9 B sin /3, sin a cos ^ s sin 7, cos (9 - ^) = sin i3 sin 7. 

38. «s(4sin<a + doos*a)cos<^ + csin'^, y sacos'9 + ^sin^^, 

c s (& — a) sin 9 cos 9 cos ^. 

39. a;cos9 + y8in0=:a?oos^ + y8in^s= 1, 'acos9cO8^-l-dsin0sin^ 

+ Asin (tf 4 ^) +/(cos tf +cos^)+^(sina+sin4r) +tf=0. 



^ 



Section IX. — Trigonometbic iDEimTiss. 



71. The verification of certain identities between the circnlar 
functions of one or more arcs is an important process in Tri- 
gonometry. It consists in the application of the formulae of 
sections I.~YII. of this chapter, and of certain analogies 
which exist between algebraic and trigonometric formulae ; for 

example, 

sin {p + q) sin {p - q) - sin*^ - sin* 5', &c. 

Example 1. — Verify 

sin'a sin (J - ^) + sin'i sin(ej - a) + sin'^ sin {a - h) 

« sin (a + i + £?) sin (fl - J) sin (J - c) sin (tf - c). (209) 

Denoting the left-hand side by P, and transforming it by the 

formula 

sin30:==dsind-4sin'0, 
we get 

P « J S sin a . sin ( J - c) - J S sin 3(» sin (S - (?) ; 
but 

,2 sin d( . sin {h - e)- 0. 
Hence 

P= - i 2 {cos(3tf - J + (?) - cos(3a + i - (?)}. 

And, reducing as follows : — 
cos (3a - 3 + 0) - cos (3^ + - a) B 2 sin (a + & + ^) sin(2i • 2a\ 



Trigonometric Identities. 73 

cos(3i - tf + fl) - cos(dtf + a - 5) = 2 siii(<» + J + (?)siii(2(? -^^), 

cos (3<? - fl + J) - cos(3(i + i - ^) = 2 sin (<j + 5 + (?) sin (2« - 2(?). 
Hence the proposition is evident. 

The algebraic formula corresponding to this is 

«'(&-<?) + *'((?-») + c^(flf- J) = (a + i + <?)(«- ^) (J- c)(a-c). 

ExAHPLB 2. — ^Prove 

Ssin'a 8in.(5 + « - a) = 2sin ^ sin 5 sin (; 

+ sin(i + <? - a)sin((^ + a - 3) sin(tf + 5 - «). (210) 

72. Identities relative to three Angles whose Sum is a 
Multiple of tt. — We have already given several identities 
between the circular functions of the three angles of a tri- 
iuigle. The following are some others of frequent use : — 

P. Eelation between the cosines of three angles whose sum 
is «7r. 

Let A-v B •\- C7 = WTT ; 

*.•. cos-4 = ± cos(J9+ C7); + if » is even, - if n is odd; 



.•• cos-4?cos-ffcosC=Tsin^sinC7=v^(l-cos*^)(l-cos*C); (1) 
cos'-^ + cos'^ + cos'Ct 2cos-4cosj5cos C= 1. (211) 
The relation (1) gives also 



cos ^ ± sin ^ sin C7 = v^(l - sin* -5) (1 - sin* C) ; 
whence 

va^A^ sin* J9 + sin* C ± 2 sin j5 sin C cos A. (212) 

This formula may be inferred from (211) by replacing 

^, Cby^ + J (7 + ^, 

which alters by unity the multiples of ?r, to which the sum of 
Jti B^ C is equal. 
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Proni the fonnulae (211), (212) seyeral others may be in* 
ferred by processes similar to those in § 64. Thus, replacing 

IT 

we see that when A + B -i- C= (4» ± 1) -, 

sin'^^ + sin'*^ + sin* C ± 2 sin ^ sin j5 sin C = 1. (213) 

2°. To find the relation between the tangents of three angles 
whose sum is mr. 

We have tan ^ = - tan (i? + C) = ~^^^ !,^° ^j. 

^ ^ I- tan jB tan C 

Hence tan ^ + tan ^ + tan C » tan ^ tan ^ tan C (214) 

This relation leads to 

cot -S cot C + cot C cot -4 + cot -4 cot -5 = 1. (215) 



ExxBdSBS. — XTTI. 
In the identities 1-6, inclusiTe, 

1. Proye 8m2^ + ain2^ + Bm2C7= 4 anA anB sinC7. (216) 

^ Ji c 

2. „ sin^ + 8m^-< 8mCs48in— sin-~cos-^. 

3. „ cos 2-4 + 008 25 + 008 2(7 +4 008-4 cos ^ cos C+ 1 = 0. 

(217) 

4. „ sin^^ cos (5 - C7) + sin'^ cos (C- -4) + era' C cob (-4 - ^) 

= 3 sin -4 sin 5 sin 01 

6. „ 2sm2^8m«5 + 2 8in«5 8in2(7+2sin2C8in2-4 

= sin* -4 + sin*5 + sin* C+SsinJtsin^sinCV 

6. „ 8in3-4 + sin85+sin3(7 

ABC ZA ZB ZC 

"s 3 cos — - cos •— cos -— + cos -;r- COS -^ COS -—. 

^ A 2 2 2 2 

In the identities 7-10, inclusive, 

a + i + <? = 2«. 

7. Prove 2 8in(« — a) sin(« - i) + sin«2 sin(« > a) e ^ sina sin 6. 

8. „ sin(«-a)sin(«- d) + sin«.sin(« — «) agiaasinl^. 



12. 


)) 


13. 


)> 


14. 


>> 


15. 


»> 
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9. Prove Bin^* + S sin' (« - a) = 2 (I — cos a cos b cos c). 

10. „ cos^a + :S cos^ {« — a) = 2 (1 + cos a cos b cos e). 
In the identities 11-16, a, b, e are any tkree angles. 

1 1 . Prove 2 cos 2« cos' {h + c) 
= 2 cos (a + i) cos {b + c) cos (c + a) + cos 2a cos 2 J cos 2e. 

5cos^« sin(5 — c) escos(a + J + c) sin(a — J) sin(^-c) 8in(<? — «)^ 

2 sin 2a sin' (d + <;) 

= 2 sin(a + ^) sin(6 + e;} sin (<; + a) + sin 2a sin 2b sin 2^;. 
:S sina sin3 sin(a — J) = — sin(a - b) &m{b - <?) sin((? — a). 

Ssin^a sin'(J — e) 
= 3 sina sin J sin^ sin(a — b) 8in(i — o) sin(<? — a). (218) 

Dem. — Since a; + y + 2 is a factor in 3^ + y^ + z^ — Zxyz^ 

if ar + y + 2 = 0, ic' + y^ + z's 3a:y«. 

Hence, putting 

«=s sina sin (i — c), y = sin i sin (c — a), 2 = sintf sin(a — ^),- 

the proposition is proved. 

16. Prove 2 cos^a mi?{b — c) 

= 3 cos a cos d cos sin (a — b) sin (i - c) sin (<? — a). (219) 

In the identities 17-21, inclusive, 

o + i3 + 7+5 = 2ir. 

17. Prove cos o + cos ^8 + cos 7 + cos 5 + 4 cos J(a + jS) cos J(a + 7) 

cos^(a + 8) = 0. 

18. „ cos a - cos jB + cos 7 - cos 8 — 4 sin i (a + iS) cos J (o + 7) 

sinj(o + 8) = 0. 

19. ,, sin o + sin )3 + sin 7 + sin 8 - 4 sin J (o + iS) sin J (a + 7) 

sin J (a + 8) = 0. 

20. „ sin o — sin iS + sin 7 - sin 8 + 4 cos J (a + /3) sin J (a + 7) 

cos J (a + 8) = 0. 

21. ,, tana + tan )3 + tan 7 + tan 8 

= tan a tan jS tan 7 + tan a tan /3 tan 8 + tan a tan 7 tan 8 

+ tan j8 tan 7 tan 8^ 

22. If a, d, c, d be any four angles, and if 

a + d + c + <?=2«, 
prove sin a sin ^ sin « sin (^ + cos a cos b cos ^ cos <f 

= sin(» — a) sin (» — b) sin(« — <;) sin(* — d) 

+ cos (» — a) cos (* - b) cos (» - c) cofl(» - d), (220) 
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23. From tkii theorem we may infer leveral others ; thus, putting d=:0, 
we have 

eoe a oos 5 eoB tf B sin « . sin («—«} 8in(f — &)ain(«- «) 

+ co8«.coB(«-a] ooe(« — ^) cos(«~^). (221) 

24. Fxore eoe(&+/)oos(0 + a]coe(a + &)ssinasuidsui0sin(a + d + <;) 

+ ooeacos3cofl«coB(a + 6 + «). (222) 

26. Prove sin'(«-a)8in'(i-<?)+sin'(ic— *)8in'(tf-a)+sin'(a?-tf)sin'(a— J) 
e 3 sin (a;— a) dn (a;— 6) sin (a;— 0) sin (a-^) sin (i—c) sin (0— a). 

26. Ji A^ B, C "he the angles of a triangle, prove that 

/ mn{B~C) anjC^A) 8in(^--J) \ 
\ sin^ sin^ anC J 

(nnA mnB sin C \ 

8in(-B - C) ■*■ Bin(C7-^) "^ {smA-B)) 

= 9-4 (8in»^ + sin»^ + sin* Cf). (223) 

27. In the same case prove 
a8in^8in'(-B-C) 

= 4sin^8in5 8inC.8in(^-5)sin(5-C)8in((7--4). (224) 

28. Prove 2 sin^ cos'^ sin'(2r - C) 

s=Bin^sin^sin6'sin(^-i^)sin(^-C) anC-A). (225) 

29. For any three angles, prove that 

C06aC08/3 sin(a- iS) + cos/S COS7 sui(j3 - 7) + cosy cos a an.{y — a) 
+ sin (a - fi) 8in(i8 - y) sia{y - o) = 0. 

30. Prove that in any triangle 

(cos^ 8in*j9 - cos^ 8in'^)/8in(^ - ^) s 1 + cos^ cosJ? cos C 

31. Prove 2 sinM an{B - C) 

B- sin^ sin ^ sin (7 sin (^ - B) sin(^— C) Bin{0^ A)» 

'cot A + cot 5^ 



32. Prove 2 



( cot^ + cotJ \ 
cot| + cot|y 



'^ 



CHAPTER III. 

THEORY OP LOGARITHMS. 
Section I. — Pbeliminaey Peopositions. 

78. — ^Dep. I. — If a variable qtutntity x approach a fixed quan^ 
tity a f 80 as to differ from it hy less than any assiynable quantity 
however small, hut never actually reach it, the fixed quantity i» 
called the limit of the variable one. Thus, the limit of the sum 
of n terms of the series i + i + i, &c., when n increases without 
Hmit, is unity. 

74. The limit of the sum of a finite number of variable quantities 
Xf y, 2, ^c, is equal to the sum of the limits of these quantities. 
"For, if a, h, c, &c., be the limits of x, y, %, &c., we have 

(a:+y + i + &c.)-(a + i + (j+&c.)«(a?-a) + (y-5) + («-<j) + &c 

Now, if n denote the number of quantities, and c denote a quan- 
tity as small as we please, 

(x-a), {y-b), (z-c), &c., 

can each by hypothesis become less than e/n. Therefore 

(a? + y + « + &c.) " {a-\- b + + &c.), 

can become less than c. • Hence the proposition is proved. 

This theorem may not hold when the number of the quan- 
tities becomes infinite. Thus, if n be a positive quantity, 

nil In 



n+1 n+1 n + 2 2n 2n 

When n increases indefinitely, each term of the sum 

1 1 1^ 

n + 1 n + 2***2n 

has zero for limit; but the sum is comprised between i and U 
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76. The limit of the product of a finite number of variable quan- 
tities Xy y, 2, Sfc,j is equal to the product of the limits of these 
quantities. 

For, let a, J, c, &c., be tlie limits of Xy y, 2, we can put 

x = a + a, y = b + P, &c., 

<i, p. &c,, being as small as we please. 

Hence xyz, &c. - abc, &c. = a)5y + afiy + bya . . . 

In the last quantity each term has zero for limit, and the 
number of terms is finite. Hence the limit of 

xi/Zf &c. - ahc, &c., is 0. 

If the number of factors increase without limit, this prin- 
"ciple may not be valid. Thus, for example, 

n »+l«+2 2»-l 1 



n+l' n + 2' n+ 3' * ' ' 2n 2* 

When n increases indefinitely, each factor has unity for limit ; 
but the limit of the product remains equal to ^. 

76. Dep. II. — A series is said to be convergent when the sum of 
its first n terms tends towards a limit according as n increases. 
This limit is called the sum of the series. 

Example. — A decreasing geometrical progression 

a + or + flr' + • . . 
is a convergent series, for the sum of the first n terms 







a ar^ 


• 




• . 1 -r l"- r 


but the limit of 




ar"^ 


therefore limit of 


sum 


a 

. ~ 1-r 
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Remarh — A series not convergent is said to be divergent. 
''^ A divergent series can never be equal to a determinate quan- 
tity. It is merely an expression possessing certain properties 
relating to operations to which the series is submitted." — ^Abel. 

Cor. — A series consisting of the sum or the difference of two 
converging series is convergent. 

77. A series is convergent when the ratio of any term to the pre- 
-ceding term is less in absolute value than a fixed quantity is less than 
ttnity. 

Let the series to positive terms be 

U1 + U2 + U3 + &c:, 
«uch that ^^ < r < 1 ; 

then M„+i < runj «*n+2 < ru^+i < r^u^, ««„+3 < ru^^2 < r^u^ 

Therefore the sum «« + «»+i + Wm+2 • • > ^n+pt 

which increases with Pf remains less than the limit of the pro- 



w» 



gression «» + ru^ + r*w« + &c., or 

1 — r 

Thus the sum tends towards a limit, and the series is con- 
vergent. 

Cor. — If the series has some of its terms negative, it will be 
the difference between'two convergent series, and therefore will 
be convergent. 

Section II. — ^The Exponential Theoeem. 

78. Lemma. — If a he a positive number different from unity ^ the 
function <f is continuous. 

We shall first demonstrate the theorem for a number a=l + 3, 
greater than unity. 

V. If X proceeds by successive integer values, 

0, 1, 2, 3, . . • a' 
increases, and becomes as great as we please. 
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In f acty 
(1 +J)»+^ = (1 + 5)-(l +*) = (! +J)- + 5(1 + 3)»>(1 + *)•,- 

therefore (1 + ^)" increases with n. In order that 

(l+5)->^, 

or 1 + «d + — j— — h^ + &c. > Ay 

Lf 

-4-1 

it suffices that 1 + «J = -4, or « = — =- — . 

b 

2*". If ^ proceeds by the successiye integers 2, 3, &c., y^ 
decreases, and approaches as near as we please to unity. 

Since a is greater than unity, ^a cannot be< 1. Then let e 
be a small quantity. We can choose x in such a manner that 

^/a < 1 + c ; for then (1 + c)' > a, 

X 4? ~" 1 

or 1 + a?€ + ' — c" + &c. > a. 

It suffices to have x = . 

€ 

3**. Giving now to x positive fractional values (including im- 
proper fractions), I say a* increases with Xy and increases by 
degrees as small as we please. In fact, at first let 

m 

a? = — , then a*=:a*; 
n 

m 

but (r>\\ .-. a">l. 

Again, let «? = »! + -, 

n 

then oT *-«"•« a*" f a" - 1 ) ; 
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but if we wish to have 



1 

m+- 



we can place 



«"•(»*'- 1 ) < €, 



or (a"<4: + ll» 



«"• 



or 



(^■^-^T^^- 



This condition wiU be fuimied if 



ne (a - l)a* 

1 + — - > fl, or « > ^ ^ 



Henee itfolhwSy that ifx varies ly insemihle decrees from Oto+aOf 

{^varies hy insensible degrees from 1 ^ +«> . Since a"*= — , we 

a* 

see that when x varies from to -oo , a' varies from 1 to 0. 
If « be < 1, we consider — , after having put a = -. 

79. Limit of [ 1 + - j for n » oo . 
The Binomial Theorem gives 

When n increases indefinitely, the fractions -,-... become 

n n 

indefinitely small, and have zero for limit. This leads to the 
conjecture that the limit of 



(-JT'- 



'*'*o*rl-3+*''- 



o 
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We shall now prove rigorously that it is.* 



{a) The series 

1 J_ 1 1 

1 "^ 1.2 "*" 1.2.3 



l + ^^^+,_^_^+___+... (^) 



is conyergent. Eor starting from the 4th terms, the terms are 
less than those of the decreasing geometrical progression 

2* ■•■ 2^ "*" 2*' ' 

and this tends towards a limit. 

"We shall denote the sum of the series {B) by e. 

(h) The second member of {A) tends towards a limit equal to 
or less than e. In fact, the terms of the second number of (A) 
are less than the corresponding terms of (J9). These terms in- 
crease with n ; their number also increases with n ; therefore 

n 

increases with », but cannot exceed e. Then it has a limit 
equal to or inferior to e. We shall denote this limit by €. 

{c) Putting 
^B = 1 + T + :: — :: + &C. . . . 



1" 1.2"^ 1.2.3. ..jp' 



^^"" "^1 "^Tr2 "^^ •• 1.2.3. . -i? 



V " n)\ wj'" V n) 



Let 17 be a quantity as small as we please, since e^ has e as its 
limit when p increases indefinitely ; we can therefore take for p 

* This is only a conjecture, unless proved. For the principles, § § 74, 75, 
are inapplicable, except when the number of tenns of a sum or product 
remains ^/}i^^. 
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a value sufficiently great to make 



^-^P<2- 



iN'oW; leaving this value of p fixed, and making n increase 
indefinitely, the terms of c^ will have for limits the correspon- 
<iing terms of ep. Then we can take n sufficiently great for 



^l» - €p < 2' 

Hence, adding the two inequalities, 

e — e„< -^ and ^«— €«<-• 
we get e ~ €p<rj; 



(-i)" 



but limit of €p is ( 1 + - ) or c. 



Hence e- €<rj; but 17 may be as small as we please ; therefore 
the limit of f 1 + - Y is e. (226) 

This equality still subsists, if n approaches infinity by frac- 

P 

tional values; for example, if n be of the form -, andj^ pro- 
ceeds towards infinity by integer values. For if n be comprised 
between the integer numbers m and f» + 1, we have 



( 



„ir'>(„iy>(,,_!_r, 

m V n \ m + 1 y 



or 



(i,iy(iH-iV(i.iy>(i.-i- 

\ mj \ fnj \ nj \ m + l 



1 \"*+' /, 1 
■f 1 + 



m + l J 



If m increase indefinitely, the first member and the last have 

G2 
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the oommon limit e ; therefore the limit of 



^ 1\" • 



Again, if n':i'~m, we have 

1 



]:i-HH^H*^) 



but the limit of 



■(-^rM'%-^)' 
(-=^)"'" 



when m approaches infinity, is e. Hence the proposition holds 
for infinitely negative values of «. 

This theorem is fundamental ; its demonstration is imperfect 
nearly in every English mathematical work that the author i& 
acquainted with. 

80. If we put * = 1 + - + .-r- + • • • , — + P> 

the value of p is < — p-. 

Dem. — ^By hypothesis, • 

p = — } -. TT + ; TTT rr. + &C. tO inf.! . 

'^ |n((n+l) (n+l)(n + 2) J 

Hence p is < .— ! r + t— -TTa + 7 — TTTa + *^- ^ ^^'l > 

^ |»|n+l {n + iy (n+1)* j 

11 1 

that is <r---> or T"- (^27) 
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Cor^ 1. — ^if in the numerical calculation of the value of e we 
omit all the terms after the (w + 1)**, we commit an error less 
than the «** part of that term. 

Cor. 2. — Calculation of e, 

^ . ,111 

We have ^=l + T+n7+rT--- 

1 + i = 2-000000000, 

i4 = 0-500000000, 
li 

r-i = 0-166666666, 

t\ = 0-041666666, 
\1 



,-r^ = 0*000000002 ; 
tf = 2-718281823. 



This value has two errors : — 1°. "We have taJten 9 places of 
•decimals, and each term after the two first has an error less 
than 1 unit of the 9th order, which maJtes for 10 terms an error 
which is less than 10 units of the 9th order. 2*^. The error in 

«rror which is less than 1 unit of the 9th order. Hence the 
total error is less than 11 units of the 9th order. Hence 
^ - 2*7182818 with 7 decimal places exact. 

Cor, 3. — The value of e %% mcommemurable. 
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Dek. — If possible, let e= —, where m and n are integers. 

n 

mi.*»«ll 1 1 1- 

Then — = 2+ir--+p--+...jr-+ + = + &c. 

n [2 [3 [ n f n + 1 I « + 2 



Hence m I n - 1 = an integer + r + 7 777 rrz + &c. 

L- ® « + l (n+l)(n + 2) 

The sum of the fractions on the right is evidently > r> 

and by the demonstration of § 80, < -. Thus a quantity which 

lies between the fractions -, -, is equal to an integer, which 

is absurd. JETenee e is incommensurahle. 
81. The sum of the infinite series 

Dem. — Eaising both sides el the equation, 
theHmitof (l + -j=tf 
to the power a?, we get 

the limit of ( 1 + - ) = ^. 
And it may be proved, as in § 79, that 

the limit of ( 1 +- j , 
when n becomes indefinitely large, 
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Hence • ^=l+a? + n7+r^+ &c., to infinity. (228) 

This result, which is called the exponential theorem, is one 
of the most important in the whole range of Mathematics. 



^x» 



Cor. 1.— The limit of ( 1 + - ] is ^. (229) 



ExEBCISfeS. — ^XIV. 
1. Prove 1 + --■ + — + --, &c. to infinity = }(«-^^). 

li li Li 

^- '» ^ + iT + r7 + *<^- " =j(tf« + (H'). 
Li Li 

1 1 + 2 1 + 2 + 3 „ . . « ., e 



" [2 ■•■ "il" "*■ — il ' ^^* ^ infinity = ^ 



4. 

" Lr L! 

12 3 

6. Find the sum of rr + r« + rr + ^c* to infinity. 

12 3 

6. „ r-j + =— + --, &c. to infinity. 

L2 L£ L! 

^ _ , \+x . l + a; + a;2 . l+a; + a;«+rc» . 

" IT nr" — ii — '' 

Section III» — Napiebian Logabithhs. 

82. Def. I. — The logarithm of a number is the power to which 
another given number, called the base, mmt be raised in order to 
produce it. 

Thus, if ^ » n, x ia the logarithm (contracted log) of n to 
the base Sj and is written x » log^n, the base being put as a 
sufiftx. 

Again, if 10*' = n, y = logio». 
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Dep. II. — Logarithms to the hose e (§ 80, Cor. 2) are eaUed 
Napiebian Logarithms^ and those to the hose 10, Common loga- 
rithms. 

Theoretically, any number may be taken as base, but only 
two are in use, namely, the Kapierian base e (called after 
Kapier, the inventor of logarithms), and the common base 10. 
Common logarithms are employed in practical calculations, 
such as Oeodesy, Navigation, &c., and I^apierian logarithms in 
Analytical Mathematics. 

83. Fundamental Properties. — 

P. The log of 1 to any hose is %ero. 
For flP = 1 ; .-. log. 1=0. (230) 

2°. The log of the hose is unity. 
For tf^ = a; .*. log^a = 1. 

3*^. The log of the product of any two factors is equal to the 
sum of the logs of the factors. 

For if of - m, X = log^w, 

and a^^n, y = logan; 

therefore a*^ = mn and x + y ^ loga vnn ; 

but a? + y = logaW + logan. 

Hence log^mw = logaW + loga». (231) 

And so on for any greater number of factors. 

4^. The log of the quotient of two numbers is equal to the 
difference of their logs. 

For since the product of the divisor and quotient is equal 
to the dividend, the sum of their logs is equal to the log of 
the dividend ; 

.*. log quotient = log dividend - log divisor. (232) 
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5°. The hg of any power {integral or fractional^ positive or 
negative) of a number is eqttal to the log of the number 
multiplied by the index of the power. 

Tor if «* = w, a? = log. w ; then oT" = w*", and rx = log„ w*'. 
Hence logaW*" = r log«m. (233) 

6**. If a series of terms be in G. P., their logs are in A. P, 

Let the OP he «, ab, ab\ ab^ . , , 

The logs are (3°, S**)— 
log a, log a + log 3, loga + 2log3y log(i+31og3, &c., 
^hich are in ^. P., the common difference being log b, 

84. Ezpancdon of %« (1 + x). 

It will be sufficient to consider the case where x is not greater 
than unity, as it wiU be found that all others can be reduced 
to it. 

Let % = log, (1 + a?) ; then ^ « 1 + a: ; 

but ^ = limit of f 1 + -Y. (§ 81, Cor. 1.) 

Hence 

, = limitof..(i-l)^^.(i-l)(l-2)^^ 

= limit of a? - f 1 — J — 

H'-:)('4)f-('%)('4)-('-£^.-«- 

Now let jSI, denote the sum of all the terms on the right after 
i;hej?*; then 

\ jp + 2 (^ + 2)(^ + 3) ; 
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Now the series within the parentheses will he <l + r + r* + r'y 
&c., to infinity, where r is less than unity, hecause x is not 
greater than unity, and the coefficient of each term bears to 
that of the preceding a ratio which is less than unity. Hence 
$ denoting some proper fraction, the series within the peiren- 

Q 

theses can be denoted by ; . Therefore 

« = liinitof*-^l-i)^+(l-^)(l-l)5... 

Hence, p remaining finite, and making n infinite, we have 

Xf = a?-^+^-.&c (-1)'. -.-, . (234) 

2 3 ^ ^ p-\- I l-r ^ ' 

Now, since tends towards zero as p tends towards in- 

jP + 1 

finity, we have 

4;2 /jjS ^ 

2 or log,(l +^) = «--;7 + T---T-* ' '^ infinity. (235) 

ju o 4 

(7or.— Log.2 = l -J + i-i + J- (236) 

85. If in equation (235) we change x into - x, we get 

•p' d?* iP* 
log.(l -a?) = -a?------...; 

Hence, putting x = ^^-^ or j—^ = -^, we get 



I 
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log.(?^).2 [^.^+ ^^2^+ _^__ + &c.}, 
or 

log,(n+l) = log,n + 2 j^+ -^-i_^^4. -^^ 

(238) 
Again, in (237), putting x = —^ — -, and we get 

log,(n + 1) - logen = log,n - log, (« - 1) 

This formula is important in the calculation of successive 
tabular differences. 

EXEKCISES. — XV. 

1. Prove log..,= 2{?^ + i(^)'+&c.j. (240> 

2. „ log.. = log.« + — --(—)+-(— ).• (241> 

3. „ log.(A + ») = log^ + --i^-^ +y^j +&0. (242> 

4. „ log.(„ + A)=log.« + 2J^ + l(^-^)V&c.j(243> 
6. , , log* sec a? = J sin' a; + J sin* x-\-\ sin^a; + &c. (244) 

6. ,, log* sec a: = J tan'a; — J tan*a? + J tan^a; + &c. (246) 

7. „ logea; + l=log.a; + i-2^ + — -&c. (246) 

8. „ log.V2=ij_L+J-+^ + J-^ + &c. (247) 

9. „ a« = 1 + (log. a) a; + (log. af - + (log.a)^ ^r + &c. (248) 

L- L! 

Put a» = tf«, and taking logs, we get z = (log. a),x\ 

but ^» = 1 + «+-_++ &o. Hence, &c. 
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10. ProYO the limit of cos" [- j , when n increases without limit, is 1. 
Put w = COS* {^ , or i# = (l - Bin» ^U ; 

therefore log«« = - log« [ 1 - sin' -J . 

Hence log* w = — - } sin* - + - sin* - + r sin' - + &c. { ; 



but when n increases without limit, 



. a a 

sin - « -, 
n n 



the omitted terms being infinitesimals of the third and higher orders. 
Hence, when n is infinite, 

, «(a» la* la« . ) 

(la» 1 o* la« „ ) ^ 
( 2 » 4 ft' 6 »• ) 

.*. M = 1 ; that is, limit of cos** [ - j « 1. 

11. Prove, in the same case, the limit of 



(cosiy u 



12. Proye, in the same case, the limit of 

[ cos - J is infinite. 

13. Prove log, sin 20 + log* tan « + cos 2tf + } cos»2tf + J cos* 26 + &c., 
to infinity. 

14. If 0, b, e be consecutive integers ; prove that 

log. J = } log.*, + ^ + j^j^ + g-p-1^ + &0. (249) 

15. If ai, 02 be the roots of the equation a!^ +px + q = 0; prove that 

loge(l -px + gx^) = (fli + a2)x- i (ai* + 02*)«*+ J (ai» + fl2')a^- &e. 

16. Find the sum of (250) 

Lf L? 

17. Prove (1 + «) log (1+ a:) = ar + j^ - ^-^ + •^, &c. 
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86. Calculation of Napierian Logarithms, 

I**. To calculate log^ 2. \jx equation (238) put » = 1, and we 



get 



log. 2 = 2 {i + i(i)» + i(i)« + \{Xf + &c. ) . 



The value of this series correct to 7 places of decimals is found 
as follows : — 



i 


= -33333333. 


Hence 


4 = 


-33333333. 


(i)' 


^ -03703704. 




* (4)' = 


•01234568. 


(«• 


= -00411523, 




i(i)* = 


-00082305. 


(i)' 


=: -00046725. 




+ ( jy = 


•00006532. 


(i)* 


= -00005080. 




4(4)^ = 


-00000564. 


(i)» 


= -00000564. 




iV(4y^ = 


-00000051. 


(i)" 


= -00000063. 




iV(4r = 


-00000005. 




sum = 


•34657358 


ence 


lege = -69314716. 






(251) 



In the foregoing calculation every term has an error, which is 
less than 1 unit of the 8th order, and it will be perceived that 
some are plus and some are minus. Hence the total error is less 
than 7 units of the 8th order ; and, therefore, the result must 
be true for 7 decimal places. 

Cor. — Since log, 2" = » log, 2, equation (233), the log of any 
power of 2 is got by multiplying log, 2 by the index of the power. 
Thus, log, 8 is equal to -69314716 multiplied by 3, &c. Hence, 
having calculated log, 2, we have virtually calculated the 
Napierian logarithms of all the powers of 2. 

2^. To calculate log. 3. In (238) put /t « 2, and we get 
log,3 = log,2 + 2{i + i(i)» + i(i)» + &c.), 
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which is calculated thus : 

i =-20000000. Hence i =-20000000. 

(i)' = -00800000. „ J (i)» = -00266667. 

(i)» = -00032000. „ i (i)« = -00006400. 

(i)''= -00001280. „ \{^y = -00000183. 

(i)«= -00000051. „ i (i)» = -00000006. 



8um= ^0273256 



Hence log,3 = 1-09861228. 

Having found log, 3, we get the logs of 3', 3', 3*, &c., by mul- 
tiplying it by the indices 2, 3, 4, &c. Hence the I^apierian 
logs of all powers of 3 are found. 

3°. To calculate log^ 5. In (238) put n = 4, and we get 

log,5 = log,4 + 2{i + i(i)> + i(J)« + &c.). 

The terms within the parentheses are summed as in V and 2® ; 
and since log, 4 = 2 log,2 = 1-38629432, we get 

log,5 = 1-60943793. (253) 

4°. From these examples the method of calculating the 
Napierian logarithms of all prime numbers is obvious. The 
logarithms of numbers which are the products of primes are 
found by adding the logarithms of the factors, § 83, 3°. Thus 
loge 35 is found by adding log, 5 and log, 7. Hence the mode of 
calculating the logarithms of all numbers is evident.. 

Observation. — In equation (238) the larger n is the more rapidly, the 
terms of the series within the parentheses converge. It will be seen that 
when n is large, it will not in the summation be necessary to take more than 
two terms into account, and when n exceeds 500, that one term will 8ii£Qce 
in the calculation if taken only to seven places of decimals. 
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Section IV. — Common Logabithms. 

87. Connection between Napierian and Common Loga- 
xithms. — Let Xy y denote the Napierian and the common loga- 
rithm respectively of any number n ; then we have 

^ = w, 10^ = n. 
Hence ^= 10«'; .-. e^= 10. 

Hence - = log, 10 = 2-30258509 ; 

V 

V 1 

therefore ^ = rT:^77T77T7:;; = •43429448. 

X 2-30258509 

The number just found, viz. -43429448 is called the modulus 
of the common system of logarithms. It is usually denoted 
by /A. 
Hence y = fuc. (254) 

Therefore, if the Napierian logarithms of any number be 
multiplied by ft, that is, by -43429448, the product will be the 
common logarithm. 

Cor, 1. — The modultcs is the reciprocal of the Napierian log 
of 10. 

Cor. 2. — In the same manner the modulus of the logarithms for 
any hose is the reciprocal of the Napierian logarithm of that base. 

88. Advantages of the Common System of Logarithms. 

Dep. — Jf the log of a number consist of an integer and a decimal^ 
the integer is called the cfakacthbistic of the logarithm^ and the 
decimal the mantissa. Thus, logw 1728 = 3*2375439, the cha- 
racteristic of which is 3, and the mantissa -2375439. 

1**. In the common system^ the characteristic of the log of any 
number greater than unity is one less than the number of figures 
to the left of the decimal point. 

Dem. — If there be » + 1 figures to the left of the decimal 
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point, the nnmber lies between 10* and 10*+^ Hence its log^ 
lies between n and n + 1 : in other words, the log is n and a 
decimal. Hence the characteristic is n. Thus the log of 558*36 
is 2-7469143, whose characteristic is 2. 

2**. Hie log of a decimal commeneing with cyphers has a negative 
characteristic^ and is arithmetically one greater than the number of 
cyphers. 

Dem. — If there be n cyphers between the decimal point and 
the first significant figure, the value of the decimal lies between 

-r- and r— TT, that is, between 10"* and 10"^"+^\ Hence the log 
10** lO*'*'^ 

will lie between -» and - (« + 1), and we make the convention 
that the mantissa will be always positive. The characteristic 
will be - (» + 1). Thus; log -0067836 = 3-8314602. Here it is 
to be remarked that when the characteristic of a log is negative, 
the sign minus is always placed over, as in the present example. 
The reason is, if the sign were placed in the usual manner 
before the log, it would mean that both characteristic and 
mantissa were negative. 

The present proposition implies the following : — The logarithm 
of any number < 1 has a negative characteristic. 

Example. — 

, 852 , , ^ 2-9304396 
^""^ 27354 " ^^ ®^^ ~ ^^ ^^^^^ " 4-4370208 

2-4934088 

"We subtract the mantissa in the usual way ; but when we 
come to the characteristic, we say 4 from 2 leaves - 2, which we 
write 2. 

S°, If two numbers consist of the same digits, but differ in the 
position of the decimal pointy their logarithms have the same man^ 
tissa. 

For, if the numbers differ only in the position of the decimal 
point, the greater must be equal to the less, multiplied by some 
power of ten. Hence their logarithms can differ only in their 
characteristics, and therefore must have the same mantissa. 
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. 89. Proportional Parts. — Ifn, n + A, n + A', he three num- 
bers, whose differences are small compared to n, then ojpproxmately 

loffio(n + h)- hffion : %io(» + A') - %io« ''h: h\' (255) 

Dem. — 

logio(« + A)-logio» = logiofl + -|=/xlogef 1+A § 87; ' 

, , In -. fh Ih^ Ih* ^ \ 

Kow, suppose n is an integer containing at least five figures^ 

and that h is not greater tha^ unity, then - is not greater than 

'0001 ; and since fi <= *43429448, the second term on the 
right-hand side in the preceding equation is not greater than 

•0000000021714724, and the third term is less than the ten- 

. A 
thousandth part of this. Hence, if - be not greater than '0001, 

logio(» + A) - logiow = — 

n 

correct to eight places of decimals. In like manner, 

logio(n + A') - logio» - — . 

n 

Hence logio(« + A) - logio» : logio(w + A') - logioW : : A : A'. 

Cor. 1. — ^logio(»* + 1) - logio» = - = tabular difference. 

n 

Cor. 2. — ^If the tabular difference be denoted by 8, we have 

« « 

logio(« + A) - logio» » A8. (256) 

Hence we have the following rule : — %io(w + A) ts found from 
logy^n hy adding to it the tabular difference multiplied hy A. 
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89a. If we put logio (« + A) - logio» = A, and logio (« + A') - logio* » A* 
the proportion (266) may be written A: A' i : h : h\ In proving this pro- 
position, only small terms of the first order were used. We shall now 
examine the am6unt of the correction, by retaining small terms of the 
second order. The proposition is used for a twofold purpose, which we 
shall consider separately— 

!•• Given A, A', A, to find h\ 

By hypothesis A = logio( 1 +- I ; .'.10 = 1 + - 

Hence l + - + ^+&c. = 1 + *; 

or, retaining only small terms of the second order, 



A 


A» 


A 


^_ 


+ r-? = 


^ • 


h 


2/1*2 


n 


A' 


A'2 


h' 


^m^ 


+ :r-^ = 


~ • 


M 


2/t2 


n 



Similarly, 

Now the value of h' given by the equation (256) is 

A'A , /I A \ 

«A'(A - A') 
Hence the difference r-^ . 

And since A' and A - A' are each less than A, this difference is 

«A^ A' 

< — .. and therefore < — : 

that is, < a third proportional to 2« and h, : 
20. Given A, A, A', to find A'. 

Wehave ^ = ^°»^°(^ + 9 ='* (S + £)' 

retaining only two terms, 

^='*U-2;i^J"-- 
and the value of A' given by (265) 

AV .,[1 h\ 



Therefore the difference 
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And since A', and A - A' are each less than h^ this difference is 

90. The following Fonns show how logarithms are arranged 
in Tables : — 

I. — ^FOSM POE NXTMBBES FEOM 1 TO lOOO, 



No. 


Logarithms. 


No, 


Logaritlims. 


2 


•3010300 


862 


•9304396 


3 


'4771213 


863 


•9309490 


4 


•6020600 


864 

1 


•9314679 



II. — ^FORM FOE NXJMBEES FEOM 1000 TO 10,000. 



No. 





1 


2 


8 


4 


1 
6 


6 


7 


8 


9 


Diff. 


2583 


4121244 


14x2 


1580 


1748 


1917 


2085 


2253 


2421 


2589 


2757 


x68 


84 


2925 


3093 


3261 


3429 


3597 


3765 


3933. 


4Z0X 


4269 


4437 


** 


85 


4605 


4773 


4941 


5109 


5277 


5445 


5613 


578X 


5949 


6x17 


>t 


86 


6285 


6453 


6621 


6789 


6957 


7125 


7293 


7461 


7629 


7796 


it 


Propl. Parts. 


17 


34 


50 


67 


84 


xoz 


xx8 


134 


151 


__ 



In Form I. all the mantissae are given in full, and it is only 
necessary to supply the characteristics. Thus the log of 852 is 
2*9309346. In Form II., the first three figures of the mantissa 
being the same for all the numbers contained in it, are inserted 
only in the first column, and the rest are supplied according to 
the digit placed iu vertical and horizontal rows; thus, for 



H2 






'• • 
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25856, we bave, corresponding to 5 in the vertical, and 6 in the 
horitontal tow, the number 5613, which with 412, which is 
common, gives *412561d for the mantissa of the log of 25856 ; 
and since the number has 5 figures to the left of the decimal 
point, the characteristic is 4. Hence log 25856 = 4*412561d» 
The numbers in the last row, called proportional parts, are 
calculated as follows : — ^If we take the difference between the 
logarithms of any two consecutive numbers in Form II, we get 
168 ; and multiply by -1, -2, -3, &c. (see § 89, Cor. 2), we get 
the proportional parts 17, 34, 50, &c. The use of these is ta 
find the logarithms of numbers having 6 or more places of 
figures. Thus, to find log 258468 :— 

Now log 25846 is 4-4123933; 

therefore log 258460 is 5*4123933. 

In like manner, log 258470 is 5-4124101. 

Kow the difl^erence between 258460 and 258470 is 10, and 
the difference of the logarithms is '0000168 ; also the difference 
between 258460 and 258468 is 8. Hence (§ 89) the correspond- 
ing difference of logarithms is the fourth proportional to 10, 8, 
and -0000168 ; that is, -0000134, which added to the logarithm 
of 258460 gives 5-4124067 as the logarithm of 258468. It is 
easy to see how the Table of proportional parts enables us to 
abridge this calculation. 

EXEEOISES. — ^XVI. 

1. Giyen log 2 » -3010300 ; find log 128, log 6-12, log -0032. 

2. „ log 3 = -4771213 ; „ log 81, log 21-87, log -243. 
8. „ log 7 = -8460980 ; „ log 2401, log 3-43, log -16807. 
The following examples show how to manage negative chaiacteiistios. 
4. Find the product of -00626 and -07864. 

We have log -00626 » 3-7968800 

log -07864 « 2-8960909. 
Hence log (-00626 x -07864 » 4-6909709 ; 

.-. -00625 X -07854 = -000490876. 
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In this example, after adding tlie mantissa, we have 1 to oarry, wbioh, 
«dded to 6| the sum of the negative characteristics 3 and 2, gives 4. 

5. Find the quotient of -012346 by 54*86. 

We have log -012345 « 2*0914911 

log 54-86 = 1-7393824. 
Hence, log quotient = 4-3520087 ; 

.-. quotient = -00022491. 

In the subtraction of the mantissa we have 1 to carry, which, added to 1, 
the characteristic in the lower line, makes 2; and this, taken from 2, 
leaves 4. 

6. Eequired the square root of -00366326. 

log -00366326 = 3-5638677. 

Hence, log square root = 2*7819338 ; 

.-. square root = -0744618. 

In dividing 3-6638677 by 2, we put 4 instead of 3 ; and, to balance this 
we put 1 before the first figure in the mantissa, making it 16, and then 
-divide. 

7. Calculate the logarithms of the following numbers, making use of 
those given in Examples 1, 2, 3 : — 

1». -0020736 4-32 98 6*86 17-28 -00336. 

20. .042i -6861 -063* 392* 882"^? l-70li 

8. Find how many digits in 3**. 

^ T. , « 1 1 1 

9. Prove loge2 = -— jr + 5— r + 



1.2'3.45.6 

10. „ l-log.2=^+ji^ + ^... 

11. „ log.4.1 = ^ + 3-|-3 + ^--|-^,&c. 
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12. Prove logio(l + a;) s/i {a;- ^4;* + i^'- &c.}. (257) 

13. „ logio(n+l)«logioW+2;.J2-j^ + l(^j)V&^ 

(258) 

14. Prove that if d; be whole or fractional, but not incommensarabley. 
#* is incommensurable. The proof is the same as § 80, Cor. 3. 

15. Prove that e cannot be a root of a quadratic equation with rational 
coefficients. 

For, if ^ be a root of px^ + ga? + r = 0, 

we have pe^ + qe + r = ; 

.'. pe-\- q + re-^ = 0, 
and substituting for e and &-^ the values 

the proposition may be proved, as in § 80, Cor. 3. 

12 4 

16. Sum the series - — h 1- — , &c., to infinity. 

— '" 12 2' 3' 

17. „ „ __ + __ + _, &c., to inanity. 

It 11 Li 

18. Given cot 2* a - cot 2*** a = cosec ma, fini a?. 



CHAPTER IV. 

TEIGONOMETBIC TABLES. 

Sectioh I, — COKSTEDcnoir OP Tabij;8 of Ciecflas rFUcnoNs, 

91. Is order that Trigonometry may be of practical use, it ie 
necesaary to possese Tablea by means of which we can find the 
circular functions of an arc; when the arc is giren, or, con- 
versely, find the arc, when the arithmetical value of any of 
its circular functions is given. For this purpose it is sufficient 
to have Tables giving the functionB of arcs increasing by small 
intervals from 0° to 45°; such as Lalande'b, which proceed by 
differences of 1', or Caixbt's, by differences of 10". In fact — 
1". We shall see in the next section that by interpolation we 
can obtain the circular functions of other arcs between 0° and 
45°. 2°. By means of complements we reduce arcs from 45° to 
90°. 3". That the circular functions of arcs in the 2nd, 3rd, 
and 4th, are the same, except in sign, as those in the first. 
We commence our calculations by seeking sin 1' and sin 10". 

Lbhha I. — If be the circular iMOtwt of an are in the 
firtt quadrant, tin 6, 0, tan 6, are in 
ateending order of magnitude. 

Dem. — ^Let the arc AP of the unit 
circle be $ ; then MP - sin $, and 
AT= tan $. Now the triangle OAP, 
the sector . OAP, and the triangle 
OAT, are in ascending order of 
magnitude. Hence 
iOA.MP<iOA.BXcAP [Em TI. u., Ex. 1 '■. 

.: MP<exoAP< AT, 
which proves the proposition. 




104 Trigonometric Tables. 

Lehma II. — It tend towards zero, we can substitute for 
sin 0, 

Dem. — We have, lemma I., sin <0, < tan ; 

.•. 1 < -; 2, < 



sin ^' coa^' 
but the limit of cos is 1 (§ 19). Hence, limit of 

is 1, 



sin 



and therefore we can put -: — -^ - 1 + c 

sin^ 

(e being a quantity which tends towards zero, as approaches 
zero). Hence d-sin^acsintf; that is, the difference tf-sind 
is a very small fraction of sin 0, when is very small. Hence, 
when diminishes indefinitely, we can for sin substitute 0. 

This lemma is important not only in Trigonometry, but in all 
the higher branches of Mathematics. 

92. Calculation of sin 1' sjid sin 10". 

It has been proved [Ex. vn. 50] that if tf be the circular 

measure of an angle, sin is > ^ - -^ ; but. Lemma I., mi0 <6. 

o 

Hence sin lies between and tf - ~. Now, if tf be the cir- 

6 

cular measure of 1', we have 

2?r 3-141592653589 

360 X 60 "^ 10800 ' 

or ^ '00029088820866, correct to 14 decimal places. 

0^ 
Hence —=-00000000000401, „ „ „ 

6 

0^ 
... tf - — = -0002908820465, „ *• „ „ 

6 
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JSence the values of $ and ^•- ^j when denotes 1', agree as 

iar as the first eleven decimal places ; and since sin $ lies 

between $ and ^ - —, we infer that 

o 

sin 1' = -0.0029088820. (259) 

Correct as far as the first eleven decimal places. 

Cor, 1. — The sines of all angles less than V and their circular 
measures agree as far as the first eleven decimal places. 

Cor, 2. — ^If n denote any number of seconds less than 60, 
then, approximately, 

sin n" = « sin 1". (260) 

Deh. — The sine of n" is approximately equal to the circular 
measure of n" {Cor, 1), and sin 1" to the circular measure of 
1" ; but circular measure of «" is equal to n times the circular 
measure of 1". Hence sin w" = » sin 1". 

Cor, 3. — In the same manner, 

sin 10" = -000048481368. (261) 

Oorrect as far as twelve decimal places. 
Cor, 4.— If 2 (1 - cos 10") = A ; then 

k = -0000000023504. (262) 

Correct to thirteen decimal places. 

93. Def. — A series /S s «i + «a + «8 + . . . Wn> which is such that 
any term is the sum of a certain number of the preceding terms, 
multiplied respectively hy given constants (called Constants of 
E-elahon), is called a eecueein& series. Thus — 2, 4, 14, 46, 152, 
&c., is a recurring series; for any term is equal to the sum 
of the two preceding ones, multiplied by the constants 1, 3, 
respectively, 

94. 7^ sines of a series of angles in AF form a recurring 
series, whose constants of relation are - 1, and twice the cosine 
of the common difference. 
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Deh. — Let a, a + j3, a + 2)3 . « • be the angles ; then, taking 
any three consecutiYe termS| such as a + )3, a + 2)3, a + 3/3, we 
see that 

sin (a + 3)3) = - sin (a + )8) + 2 sin(a + 2)3) cos)3. 

Hence the proposition is proved. 

In like manner, the cosines of a series of angles in AP form 
a recurring series, whose constants are — 1, and twice the cosine 
of the common difference. 

95. To Constmct a Table of Sines and Cosines. 

Suppose the arcs to increase by 1' ; then, since 

sin V = -00029088020, 
we get cos 1' = -99999995769 ; 

but siu 2' = 2 sin V cos 1'; .*• sin 2' is known. 

Hence, by § 94, we have — 

sin 3' = 2 sin 2' cos 1' - sin 1', 

sin 4' = 2 sin 3' cos 1' - sin 2', 

« 

sin 5' = 2 sin 4' cos 1' - sin 3'. 



Again, we have — 

cos 2' = 2 cosn'- 1, 

cos 3' = 2 cos 2' cos 1' - cos 1', 

cos 4' = 2 cos 3' cos 1' - cos 2'. 



We can proceed in this manner until we come to the sine and 
the cosine of 45^ ; and since the sine of an angle is equal to the 
cosine of its complement, we have virtually calculated the sines 
and the cosines from 0° to 90®. 

The method of this § is due to Thoicas Sdcpsoit. (See 
Lecoikie's Trigonometry, page 65.) • 
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96. Another Method. — ^If in the identity 

sin (n + l)a = 2 sin »a cos a - sin (« - l)a 
we put 2(1 - cos a) = h^ 

we get sin(» + l)a - sin wa = sin wa - sin (» - l)a - i sin «a. 

(263) 

This formula enables us to construct a Table of sines of angles 
whose common difference is a. Thus, if we wish to construct 
Tables such as Callet's, which proceed by common difference* 
of 10", we put a = 10", and « = 1, 2, 3, &c. 

Thus sin 20"- sin 10"= sin 10"- h sin 10", 

sin 30" - sin 20" = sin 20" - sin 10" - ife sin 20", 

sin 40" - sin 30" = sin 30" - sin 20" - h sin 30", &c. 

These equations give in succession sin 20", sin 30", sin 40", &c. 
It is seen that the most laborious part of the work is multiply- 
ing by the value of ^, the smallness of which (equation 262) 
facilitates the process. When we have in this manner computed 
the sines of angles up to 3°, we can verify our result by com- 
paring the value obtained with that furnished by equation (124). 
In the same manner a Table of cosines can be constructed by 
means of the formula — 

cos na - cos (n + l)a » cos(n - l)a - cos na + ^ cos na. (264) 

Thus we get 

cos 10" - cos 20" = 1 - cos 10" + * cos 10", 

cos 20" - cos 30" « cos 1 0" - cos 20" + i& cos 20", 

cos 30" - cos 40" a cos 20" - cos 30"+ k cos 30", &c. 

Thus we have in succession the cosines of 20", 30", 40", &c; ;. 
and we can verify, as in the case of the sines, by equation (125)» 
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97. The sines and cosines of angles from f3^ to 30^ may be 
calculated by the formulae — 

ein (a + ^) = («ina-^Bin^)(8ma-8in^) 

^ *^^ Bm(a-^) ^ 

cos (« + ^) . (co«« + Bin^)(co8a-8m^)^ 

^ cos(a-^) ^ '^ 

_ . ^o (sin 3°+ sin 1°) (sin 3°- sin 1°) ,„^^. 

Thus sin 4° = ^ ^^^^5 \ (267) 

^o (cos 3°+ sin 1°) (cos 3°- sin 1°) ,^^^^ 

cos 4° ^ ^i '■ — 7^ ^. (268) 

sin 2 . 

98. The sines and cosines from 30° to 45° may be calculated 
hj the formulae — 

sin (30 + a) = cos a - sin (30 - a), (269) 

cos (30 + a) = cos (30 - a) - sin a. (270) 

Thus, if we put a = 10", 20", &c., we shall have 

sin 30° 0' 10" « cos 10" - sin 29° 59' 50", 

cos 30° 0' 10" = 29° 59' 50" - sin 10". 

And we can compute also Tables of sines and cosines up to 45°, 
•and therefore to 90°. 

99. The following formulae of verification are used for testing 
the calculation : — 

V. sin (45° + a) = sin (45° - a) + ^2 sin a. (271 J 

2°. sin (60° + a) = sin (60° - a) + sin a. (272) 

3\ Euler's formulae (192). 4°. Legendre's formulae (193), 
<194). 

Euler's may be written as follows : — 

sin a = cos(54°+ a) - cos(54°+ a) + cos (18°- a) - cos (18°+ a). 

(273) 
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100. Tables of tangents and cotangents are calculated by the 

formulae — 

, sina , 1 

tan a = , cot a = r • 

cos a tan a 

These functions having been calculated up to 45^, those over 
45° are got from the formulae 

tan (45° + a) - cot (45° - a), 

cot (45° + a) = tan (45° - a), 
and the identity 

tan (45° + a) = tan (45° - a) + 2 tan 2a. (274) 

EXBKCISES. — ^XVII. 

1. Prove Delambre's fonnulae — 

sin (a + 1*) — sin a « sin a — sin (a — 1*) — 4 sin^a sin' 30', (276) 

sin (a + 1') - sina = sin« - sin (o - 1') - 4 sin'a sin' 30". (276) 

2. Prove sin O'* + sin 27** + sin 81' = sin iS*' + sin 63^ 

8. „ sinl0•+sin26»^-sin82' = sin46'»+sin62^ 

4. Prove that the inscription of a regular heptagon in a circle depends on 
the solution of the cubic 

«8-««-2a?+l = 0. (277) 

Dbm.— Put 

a = =» then cos 4a + cos 3a « 0, 

7 

or 4 cos'a -Scosa+l-S cos'a + 8 cos*a = 0. 

Change signs, divide by cos a - 1, and put 2 cos a » x^ and we get the 
required equation. 

6. Qiven cos' 29 « cos^tf + 8 sin^0, find 9. 

6. Prove that 2 sin 6** is a root of the equation 

«»-6a;'+6«-l = 0. (278) 

7. Given 

cos 9 + sin 39 + cos 50 + sin 79 ... sin (4fi * 1) s } (sec 9 + cosec9), find 9. 
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8. If a, fif y, 8, be four solutions of the equation 

tan (0 + 46'') = 3 tan 39, 
no two of which have ^qual tangents, prove that 
tana + taniS + tan7 + tan8 = 0, tan2a + tan 2^3 + tan 2^ + tan 28 == 0. 

9. If a = --, prove that 2 cos a is a root of the equation 

a^ + x^-7ixfi- 6««+ I5ar*+ lOa;^- lOa;'- 4a; + 1 = 0. (279) 
By hypothesis, cos 9a + cos 8a = 0, 

and then expressing cos 9a and cos 8a in terms of cos a, and proceeding as 
in Ex. 4. 

SeCTIOH II. — ImCEEPOLATION. 

101. In Lalande's Tables, the circular functions are given 
for all the angles in the £rst quadrant calculated for degrees 
and minutes ; and in those of Callet, of Dttpuis, of Schbon, 
for angles differing only by 10". When, therefore, an angle, 
besides degrees and minutes, contains a number of seconds 
which is not a multiple of 10, its sine, cosine, &c., cannot be 
found in the Tables. In such cases we deduce from those of 
the angle in the Table which is nearest to the angle whose 
function is sought by means of the following principle : — When 
the increments of an angle are small, the increments of its circular 

functions are approximately proportional to the increments of the 
angle. 

This is usually admitted as a result of the inspection of the 
Tables. "We shall show by a diagram the amount of the error 
for the sine, the cosine, and the tangent, and shall find that in 
all cases it is very small for the sine and the cosine, but that for 
the tangent it may become very large. 

102. liOt AJB, AC, AD be three arcs on the unit circle. 
Let £1) be 10", and JBCh'\ Join B2), cutting 00 in F, Let 
be the centre; draw JBJSI parallel and FI perpendicular 
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Ill 



to AO, cutting BJS in G. Now, since OBJ) is an isosceles 
triangle, 

BIiFBi: onBOFi bulFOI) : : sin A" : sin(10-Ay'; 

but sin A" : sin (10 - A)" :: A sin 1" : (10 - A) sin I" 

(§ 92, Cor. 2) ; 

D 




Hence 






BF: FBiih: 10 -h. 
BF:BJ)\:h: 10; 
BFiFG:: 10 : A. 



!Now if -FT were the sine of the arc A C, FG would be the 
increment of sine corresponding to A", and BF being the incre- 
ment corresponding to 10", the proposition would be true. Hence 
it follows that the absolute error is equal to KO - IF, and the 
relative error is the ratio of this to CK. Therefore the relative 
error is the ratio of CF: CO, Hence the relative error is a maxi- 
mum when BB is bisected. In this case it is -0000000002938. 
If BB were 1', the greatest relative error would be 

•0000000105468. 

Cor. I. — TJie relative error is independent of the arc AB, 
and depends only on the magnitude of the arc BB, and the 
position of the point C in^it. 
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Cor, 2. — If the three points By Cy D were coUinear, the pro- 
position would he strictly accurate. 

r 

The smallness of the deviation from a right line may he inferred from^ 
the fact that [the chord of an arc of I' on the equator is about 6000 feet^ 
and at its middle point is only about 2} inches from the surface. The chord 
of an arc of 10" is 1000 feet, and at its middle point is only ^^ of an inch 
from the surface. The collinearity of the three points is assumed without 
being formally stated in Sbrbbt's Trigonometry^ 6th editioui page 72. 

Cor, 3. — Since we may replace the arcs AB, ACy AD by 
their complements, we see that the proposition holds for th& 
increments of the cosines. 

103. Let the arcs be the same as in § 102 ; AEy A G, ^J? their 
tangents ; then, if AE, AS"he 
given, and we want to find A G, 
draw ^/parallel to BDy cutting 
OG ill Z, and draw Z-ff" parallel 
to OM, Since, by similar tri- 
angles, 

lE'.LBw HE : EE, 
we have 

BDiBFoT 10" : A" : : JETE: KE, 
and 

JBrjE'=tan(^+10")-tantf. 

Hence the proportion 




tan {0 + 10") - tan ^ : tan (fl + N') - tan fl : : 10" : A" 



gives 



KE« tan(^ + h") - tantf ; that is ^AG-AE. 



Therefore KG represents the absolute error, and KG i-AO is. 
the relative error. From similar triangles we get 
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GH.ZG 



Oe : GR:: LG : GK-, /. GK^ 



OG 



sec {B + W) 

2 sin (10^^ - h') . sin (^ + W") sin \ W 
cos (^ + 10") cos ^ . cos {e + A") 

(10 - A) A Sinn", sin (g + ^ A) 
"" cos (^ + 10") cos Q . cos (^ + A")' 

Hence 

riTr An (10-^)^sinn".sin(^ + i-A") (10~A)Asinn" 
^^•^^"cos^.cos(^+10").sin(^ + A")"costf.cos(tf+10") 

nearly, when 6 is large. 

The maximnm value of the numerator is when A = 5. Hence 
the maximum value of the relative error = (5 sin 1" sec &f. 
Therefore for values of not greater than 80°, for which sec 6 is 
< 6, the maximum value is not greater than (-000145444)*, or 
the maximum value of the relative error is < '000000022, and 
the absolute error is < -000000132. 

Observation. — The results of the investigations in §§ 102, 103 
may be verified by inspection of Tables, and similarly for the 
other circular functions. 

* 

104. Before giving applications of our rules, it is necessary to 
explain the manner in which the circular functions are arranged 
in Tables. 
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The following remarks on the foregoing are important : — 

1°. Degrees are marked both at the top and bottom^ and 
minutes both in the first column at the Isft^ and in the last 
column at the right-hand side. In seeking for a circular func- 
tion of an angle, if it be less than 45^, the degrees are found at 
the top, and the minutes at the left-hand side. If greater than 
45°, the degrees are found at the foot, and the minutes at the 
right-hand side. Thus the natural sine of 39° 44' is '6392153, 
and the natural tangent of 50° 18' is 1-2045058. 

2**. Every number in each column except those marked Biff, 
stands for two circular functions, the designations of which are 
given at the top and bottom of the column. Thus the number 
•6385440 is sin 39° 41', and also cos 50° 19', the reason of which 
is obvious. 

3"". The functions cosec, cotan, cosine, decrease as the angle 
increases. 

4**. The numbers in the Diff. columns, called " Tabular Diffe- 
rences," are the differences between the consecutive numbers in 
the preceding columns. Thus 2238, the first number in the 
first diff. column, is the difference between the natural sines 
of 39° 41' and 39° 42', so that each is the difference between 
the circular functions of two angles which differ by 60". The 
use of the diff. column is to find the functions of angles not 
:given in the Tables. 

ExAicPLE. — ^Find the natural sine of 39° 41' 25". 

The difference between 39° 41' 25" and 39° 41' is 25". And 
since the tabular difference 2238 corresponds to a difference of 
60", we have (§ 101) 60": 25": : 2238 : a fourth proportional 
which is the difference between sin 39° 41' 25" and sin 39° 41". 
Hence, adding the fourth proportional 932 to *6385440, we get 
'6386372, which is the sine required. 

12 
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105. Logarifhms of Circular Functions. 

In general, 
logio sin (tf + A) - logio sin : logio sin {0 + A') - logi© eimO :: h:h\ 

(280) 

Dem.— Denote the arcs AB, AC, AD (§ 102) by 0, O+h'^ 
+ h, respectively ; then we have 

logio sin {$ + A') - logio sin : logw sin (tf + A) - logw sin 
: : logio CZT-logio-S-ST: logioD^-logio^-ST; 

bnt CiTis equal to jP/very nearly (§ 102). Hence 

logio sin {6 + hf) - logw sin ^ : : logw sin (0 + A) - logwsin 
: : logio FI - logK) BE : logioDeT"- logio-S-ST. 

Now, if the difference between I) J and BB[he very small when 
compared to Bff, we have (§ 89), 

log^oFI- logio -B J: logio 2>J - logio-5^: iFGiDH; 
that is, : i BFiBBii h' \h. 

Hence the proposition is proved. 

There are two sources of approximation in this proposition — 
!•*. "We have substituted Flior CK\ but when BB does not 
exceed 10", this is so small that it may be disregarded (§ 102). 
2°. If AB be not large when compared with BB, the proportion 
logio-F/- logio^JJ: logio i^J"- logio J?-ff: : FQ : BE cannot be 
used (§ 89). Hence the proportion of this § will not hold with 
sufQ.cient approximation to be employed in practice. 

We shall now indicate the limits within which it cannot be 
used. Putting BE= n, JB=n + Ai, IF= n + hi, the proportion 

logio/i) -logio^JT": logio-FZ-logio^-H": iBEiFQ 
may be written A : A' : : Ai : Ai'. 
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Kow (§ 89a), the error in obtaining hi by this proportion is 

2n 

But we have seen (§ 102) that h: h' :: hii A/. Hence, if 

hi = kh, hi = kh\ 

Therefore the error in obtaining A' from the proportion 

A : A' : : A : A', 
that is from (280), is 

kh^ A* . , , 
< TT-j < ;r-> since ^ < 1 ; 
2»' 2»' ' 

,,A. sinA 

out - is easily seen to be < -: — r. 

n "^ Bind 

TT xi_ • A sin A 

Hence the error is < ::—. — 5,. 

2 sin^ 

Now, if A be 10" and = 1 J°, this error will be < the hundredth 
part of a second, and for larger values of it will be absolutely 
insensible. Again, if the proportion A : A' : : A : A' be employed 
for obtaining A', it may be shown in a similar way from § 89, 
note, that the error is 

sin' A 
2*S^' 

But if A be 10" and > 6°, this will not amount to ti unit in 
the seventh decimal place. 

106. Since the sine of an angle, unless when it is right, 
is less than unity, the log sine will have a negative charac- 
teristic. This will be the case also with some of the other 
circular functions. In order to avoid this, the logarithm of 
each function was increased by 10 before being registered in 
the Tables. The logarithm so increased, called the Tabular 
logarithm, is usually denoted by the capital letter L. Thus: 
L sin 30^ means the Tabular logarithm of sin 30^, and is greater 
by 10 than the Natural logarithm of sin 30°. 



<^. 
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For example, 

sin 30° = -5 ; .-. logw sin 30° « r-6989700. 

Hence L sin 30° = 9-6989700. 

It is now evident that the proportion in § 105 may be written 
L sin(tf + A) - L sintf : L sin(tf + A') - L sintf ::h:h\ (281) 
107. — If in equation (281) we change 

we get| after omitting accents, and changing the signs of h, h\ 
Lcos(^ + A)-Lcostf : L co8{9 + h') -LcobO : : h: h'. (282) 

And from these two we get 
Ltan(« + ^)-Ltantf :Ltan(d + A')-I'tanfi:: A: A'. (283) 

Observation, — The French and German Mathematicians are beginning to- 
nse the logarithms of the Natural sines, cosines, &c., iastead of the Tabular 
Logarithms. Thus, Serbet, Bbiot and Bouquet, Beidt, &c., subtract 10 
from the index of the Tabular Logarithms before using it. Also ia 
DuFuis's Tables the 10 has not been added. It is likely that English 
Mathematicians will soon follow their example. 
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If be any angle, sin . cosec 0^1. 

Hence L sin tf + L cosec tf = 20. | 

This explains why the sum of the tabular numbers in the 
columns L sine and L cosecant is in each case 20 ; when, there- 
fore, the angle changes, one of these quantities will decrease by 
as much as the other increases. Hence we see why one column 
of differences does for both. Similar observations are applicable 
to the L tangent and L cotangent, the L secant and L cosine. 

EZEBCISES XYIII. 

1. Given L sinST' 43' 60" = 9-7867162, 

L Bin 37' 44' 40" = 9-7867424 : 

find L8in37M3'66". 

If A, A' denote the log. differences for 10" and 6", respectiyely, we have 
(}106) A: A':: 10:6; 

but As 272; .-. A' =163. 

Hence L sin 37'* 43' 66" = 9-7867316. 

2. If the angle whose L sine is given be smaller than 6% tbe tabular diffe- 
rences vary irregularly (§ 106), and the preceding method is inapplicable. 
The following solution is taken from Sbabbt's Trigonometry : — 

Let the arc whose L sine is given, when expressed in seconds, be denoted 
by a, and the arc whose L sine is required be a + h. Then we have 

sin (a 4 h) : sina : : a + A : a. (Comp. Obterv,, § 102.) 

Hence L sin (a + A) = L sina + log (a + A) ~ log a. (284) 

Similarly, L tan (a + A) = L tan a + log {a + h)- log a. (286) 

Fmd Lsin0*3'27"-366 

Here we have a = 207, A = -366, 

L sin 207"= 7-0016451, log 207 = 2-3169703, 
log 207-356 = 2-3167146. 

Hence, substituting in (284), we get 

L sin 0* 3' 27"-366 = 7-0022893. 
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Observation. — Callbt's Tables give the logarithms of the circular func- 
tioxiB for every second of the first fiye degrees of the quadrant. 

3. Given L cos 2V 32' 30" = 9-9686634, A = diff. for 10" = 84, 
find L cos 2V 32' 34"-7. 

4. Given L tan 83'* 7' 10" = 10-9184044, A = diff. for 10" = 1771, 
find Ltan83»7'16"-4. 

6. Given L cot 68* 62' 60" = 9-6868773, A « diff. for 10" = 626, 
find Lcot68*62'47"-3. 

In the following Exercises, 6 and 7, the logarithms of the circular func- 
tions are given to find the corresponding angles when they are not found in 
the Tables. 

6. Find the angle whose L sine is 9-8836636, being given 

L sin 49<* 63' 20" «= 9-8836469, L sin 49'* 63' 30" = 9-8836636. 

Here A = 177, A' =76. 

Hence the proportion A : A' : : 10 : A gives A = 4"*29 ; 
therefore the required angle is. 49° 63' 24"-29. 

7. Given L tan 79° 61' 40" = 10-7476667, 

L tan 79° 61' 60"= 10*7476872, 
find the angle whose L tan is 10-7476632. 

Here A = 1216, A' =876. 

Hence A-7"-2; .-. the angle is 79°61'47"-2. 

If the angle required be small, the proportion A : A' : : 10 : A fails, and 
we must proceed as in Ex. 2. This will occur when the required angle is 
not greater than 1}°. — Sebbbt's Tri^., page 76. 

Observatum. — It is impossible to determine an arc very near 90° by means 
of its L sine, nor an arc very near zero by means of its L cos. Thus, if the 
L cos be 9*9999991, the Tables show that this logarithm belongs to all arcs 
between T 26" and 6' 46". Thus there is an uncertainty of 40". 
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SECnOir III. — TBAirSFOBMi^TIOK OF EOBICXTLAE niTO LoOiJLITHllIC 

FOBM. 

108. As calculations are principally performed by means of 
logarithms, it is necessary to know how to transform sums and 
differences into products. All the formulae of Chapter II., 
Section YI., are examples of this process. The following are 
further applications: — 

V. Transform a cos i 5 sin into a product. 
a COS0 i b Bm6^a(coB0 ± - emO) » {a cobO ± tan<^ sin^), 

if tan ^ = -. 

a 

Hence a cos fl ± 3 sin tf = g(cosg±<A) (286) 

cos<^ 

Similarly, « sin « ± J cos tf = ^^(^^^) , (287) 

cos 9 

2^. Transform a ± b, a ± b ± e into products. 

It may occur that ire may have occasion to find 

log(a±*), log {a±b±c), 

vihsre log a, log 3, log e are more easily determined than a, h, e. For 
example, sino; = 0-317 cos 62*' 17' 64" + 0*614 tan 37** 36' 20", to find x, 

a + J = a(l + -j=fl(l + tan'<^) = asec'^, 

b 
if - = tan*^; 



a-b = a[\ — ] = « cos*^, 



if - = sin'^. 

a 



Transformation of Formulae into Logarithmic Form. 12ft 
Hence log (a + i) = log a + 2 log sec ^, (288) 

log (a - ^) s log a + 2 log cos <^. (289) 

To find log {a ±h ± e), 

we first find log (a ± h), and then log {a ± i ± e). 

109. To transform the roots of an equation of the 2nd degree. 



put 

-| = tan'^ ; then a? = ^ ( 1 ± ] = « cos'*^ sec fh, 

^ ^ 2V cos<^y ^ ^^ ^' }(290) 



or a-jpsm'^^sec ^. 



2^^-i;^ + ^=:0, a; = |^l±Jl-^)-|^l±Jl-sin«0y 

if sin«^ = %. 

Hence a:=jpcos'J<^, or jp sin'J<^. (291) 



EXBBCISES. — XIX. 

1. Calculate jp from the equation 

tan « = tan 12° 40' 7" + tanl8° 39' 23' 

2. „ tani» = -^— . 



"*\1 + 



-tan«27''43'17 



*i 



^' " ^^"^i. ■tanM9«18'36"' 

4. „ 14tan32;~39tan2; = 35. 

6. I, 12 8in^a; — 8ind; = 6. 
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Sbciion IY. — Tbigonoxetbic EutXAxioirs. 

110. We have already resolved or proposed several trigono- 
metric equations. The object of the following examples is to 
explain the methods to be adopted, in order that the solution 
may be performed by logarithms. 

Example 1. — asiax + hcoBX'=o. (292) 

Putting - = tan ^, we have sin (a: + ^) = - cos <^. 

In order that the problem may be possible, it is necessary 
to have -j cos'^ f 1 ; that is, ^ cos*^ ^ a', 

or ^ a* : 

l+tan»^= ' 

therefore ^^ < a» f 1 + ~\ o» < (a» + J'). 

If c* = a* + J', we have sin (a? + ^) = ± 1 ; 

.'. 0? + ^ = 2n7r ± -. 

If ^ < a* + J*, and if a be aa angle whose sine = - cos ^, 
we have a? + ^ = 2nir + a, or (2» + 1) ir - a. 
Application, 5cosa;-8sin;r = 7; find x. 

Example 2. — a sm^x + 2h sin x cobx + o cos'a? = m» (293) 

Replacing mhy m (sin* a; + cos'a?), and dividing by cos'a?, 

we get 

(a - m) tan'a? + 2 J tan a? + (c - «i) = 0, 

or, say tan'a? + 2p tana? + y = 0. 

We solve this by the process of § 109 ; for 

a^+px-^- q as 0. 
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Or thus : — ^The equation can be written 

a(l-co82a?) - . . /l + C0B2a?\ 
-^^ — ^ +0Bm2x-¥c\ j as e, 

wliicli reduces to the preceding case. 

Example 3. — sin (a + ar) = m cos {h - x). 
If we expand sin (a + x), cos {h - a?), 

and then divide by cos a:, we get 

m cos 3 - sin a 

tan X = r-T. 

cosa + m smo 

For a numerical application, it is better to write — 

sin {a - x) m 

. /^ , A " T ' 
sinl n "■ ^ + ^ 1 



therefore 



sin (a - «) + sin ( - - 3 + a? I , 

sin (a - a?) - sin ( - - J + a? j 



fw a h\ 



tan. ^ . « « , - 

Hence ; ' a ^ x = irrT- (294) 



w - r 



Example 4. — x + f/ -a, sin a? - siny = J. 

Erom second equation, 

2sinJ(a?-y) cosJ(a? + y) = 5; 

.-. sin J(a? - y) = s T"* 

^ ^' 2cos^a 

Hence a?-y is found. 



126 Trigoftometric Tables. 

Example 5. — a? - y = fl, cosajcosy = J, 
Trom second equationi we get 

cos (a: + y) + cos (a? - y) = 2b. 
Hence cos (a? + y) «= 25 - cos a, which gives x + y. 

Example 6. — x + y = a, tan«coty = J. 

sinrp cosy b 



Here we have 



cos ^ sin y 1 



., . sin(a? + y) b + 1 ana b+1 

therefore -t-t ^ = ^ — 7 ; that is, -T-7 r = = — -. 

sm(a?-y) J-1 sin(a?-y) i-1 

Hence a; - y is found. 



ExEBCisES XX. ON Chapteb IY. 
1. Given tanf ^ +ej +tan f ^ -dj = ( — j , find co«2^. 

^. ,, 8ec^a; + 8eo2d;s8 - — , prove x^nw±--, 

V3 12 

3. „ (2 CO80 - 1)(2 cos 2a - 1) (2 0084o - 1) . . . (2 C0fl2»-*a - 1) 

2cos2»a+l 



"* 2co8a + l * 
4-10. Find x from the following equations : — 
4. atBaix + bcotxs::e, 

•6. sin^d; + cos^o; » }. 

6. sin 3« s 2 sin^«. 

7. tan^a;s 4sin«. 

6. tan«s4 8in-. 

2 

9. sin 07 + cos a; = f. 

10. 27 cos jp + 60 sin 4; = 38-97. 



(296) 
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11-16. Find x, y from tlie following simultaneouB equations : — 

11. x — y^a, sind^ + cosy = d. 

12. x — yssa, Binx cosy b, 

13. «-y = a, tanaj + tanyss*. 

14. 4; + y = «, seca? + secy — J. 

15. X — y = a, cosec x — cosec y = 5. 

16. a? + y = 52° 47' 3", sin a? + sin y = f . 

17. If be the circular measure of ra", 

prove log n + log — r— = L sin «" - L sin 1". (Belambbb.) 

Dbx. — ^When n is small, we have approximately s n sin 1"; 

sin $ sin n" 

. ^__^^_ ••— ^^^^^^^^^ • 

a fisinl" ■ 

.-. log» + log^^ = Lsin»"-Lsinl". (296) 

9 

18. When 9 is very small, 

log sin s log 9 + 1 log cos 0. (Maskbltkb.) (297) 

19. In the same case, 

Iogtan0»log0-}logcos0. {Ibid,) (298) 

20. Giren tan^ (a + ^) + tan^(a — a;) = tan a tan x ; 
prove (cos a; ± cos a)^ = 1. 

21. Prove 

tan (d + A) -tan » tan A sec^d (1 + tan A txne + tan^A tan'0 + &c.) 

22. Given sec a sec + tan a tan = sec iS, find tan $, 

cos a; cos2jj cosSa? ^i. ^ • •* 2J-(a + tf) 

23. .. = = . Drove that sin*- «= , 

** a b e * ^ 2 4* 

sina; sin 3a; sin5a? ^v i. / . i . \ w 

24. ,, = — 7 — e= , prove that a (ar + 6 + <?) = *'. 

a c 

25. „ (tan2a? + a-l)/(tan2a? + a + l) = tana;, findtana;. 
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26. Giyen 4(1 + 8 cosec' 40) = (tan^ + cot' 0) (tan' a + cot' a), find cos 2$. 

27. „ (tan'a + tan'4>)/(tan'0 - tan'^) = |, ain (0 - ^) = ^ ; 
find and ^. 

28. „ tan (« - y) =! sin (a? + y) « J (tan a; - tan y), find x, y. 

29. „ « cos a + a;' sin a « JT cos i3 + d/ siniS = y cos Y + y' fiin 7 

ssycosS + y'sindsl; 

prove (« + y)/(« - y) = 2 (1 - »4)/(»i + o), 

where «n denotes the sum of the products of 

tan -, tan -, tan -, tan -, taken n by n. 

30. FroTe that when x is less than unity, the sum of the infinite sines, 

cos o + ic cos 2a + *' cos 3a + &c., is , — ;. (299) 

1 — 2a; cos a + a?' 

Dem. — In the identity 

cos (« + 1) a . ic" = 2 cos Ma . cos a . a:^ - cos (» - 1) a . a;", 

put » = 0, 1, 2, 3, &c. Add, and we get 

cos a + rr cos 2a + a^'cos 3a 4 &c. = cos a — a; 

+ (2a? cos a - «') (cos a + a; cos 2a + a;' cos 3a + &c.) 

Hence, by transposition and division, the proposition is proved. 

31. Prove 

1 -«» 

1 + 2a; cos a + 2a;'cos 2a + 23^ cos 3a + &c. = 



1 — 2a? cos a + «** 
(300) 

32. If a + i3 + 7 = IT and sin'd = sin (a - 0) sin (iB - 0) sin (7 - 6) ; 
prove that 

cot = cot a + coti3 + cot 7 and cosec'tf = cosec'a + coscc'i3 + cosec'7. 

(301) 

33. Prove log cot « cos 20 + 5?f^ + 22^ + &c. (302) 
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34. Prove 2 cos' (cos d — cos a) - 2 sin' (sin ^ - sin a) - cos'd + cos' a 

. . , a - a . 38 + a 
s» 4 sin' -— — sin — - — , 
2 2 

85. Given cos a tan' a (cos x - cos jS) = cos jS tan'^S (cos x — cos a) ; 
prove tan' - =; tan' - tan' jr. 

36. If the value of the fraction 

(a cos (d + a) + J sin 0)/(»' sin (8 + o) + V cos 6) 

be independent of d, prove that sin o = -77 r,* 

a 0— ao 

(First put = and then = - a, and equate results.) 

37-43. Prove the following identities : — ^ 

37. sin'o; sin 3^ sin 7^ + sin'Sa; sin « sin 3« = sin'2^ sin ix sin 6x, 

38. cos'ji; cos 3x cos 7x + sin' 2d; sin 4^ sin 6a; = cos' 6x cos a; cos 3j;. 

39. sin'^r sin2a;sin6a; + sin'4a?sina; sin 3d; = sin' 2a; sin 3a; sin 5a;. 

40. cos'a; cos 2a; cos 6a; + sin' 2a; sin 3a; sin 5a; » cos' 4a; cos x cos 3a;. 

41. sin o . sin i3 . sin (« - 0) {sin'a + sin'iS + sin'(a - fi)} 

+ sin i3 . siny , sin (/3 - 7){sin'i3 + ain'^ + sin'(i3 - 7)} 
+ sin7sina.sin(7~a) {sin'7 + sin'a + sin' (7 - a) } 
+ sin (a - /3) sin (i3 - 7) sin (7 - a) 

{sin'(a - i8) + sin'(i3 - 7) + sin' (7 - a)} = 0. 

42. sin (a + i3) sin (a - i3) sin (7 + 8) sin (7 - 5) 

+ sin (i8 + 7) sin (jS - 7) sin (a + 8) sin (a - t) 

+ sin (7 + o) sin (7 - o) sin (iS + 8) sin (j9 - 8) o 0. 

43. sin(a + iB) sin(a-i3) sin (7 + 8) sin (7 - 8) 

+ cos (o + /3) cos (a - 0) cos (7 + 8) cos (7 - 8) 
s= sin (7 + i3) sin (7 - jS) sin (a + 8) sin (a - 8) 

+ cos (7 + fi) cos (7 - 0) cos (o + 8) cos (a - 8). 



CHAPTER V. 

FORMULAE REIATIVE TO TRIANGLES. 

SlCCnON I. — EXLATION BETWEEN THE ELEMENTS OF A BlOHT- 

ANGLED Triangle. 

111. In a right-angled triangle any side is equal to the rectangle 
contained ly the hypotenuse and the ^3 

sine of the opposite^ or the cosine of 
the adjacent angle. 




Dem. — Let ABC be a triangle, 
having the angle C right; then 

(§ H), ^^ b 

BC^AB.smA, AC^AB.oosA. 

Hence, denoting the numerical lengths of the sides ^67, CA, AB 
by the letters a, 5, c, respectively, we have 

a = sin ^, 3 => ^ cos ^. (303) 

112. In a right-angled triangle, either side divided by the other 
is equal to the tangent of the opposite angle. 

Dem. — Dividing the equations (303) by each other, we get 

a 

■=■ = tan -4, OT a=i b tan A. (304) 

Cor. — a = ocobB, b = c smB, a = b cot B. (305) 

Observation. — The three equations (303)-(304) are sufficient 
for the solution of all the cases of right-angled triangles. It 
will be seen that they have remarkable analogues in Spherical 
Trigonometry. 
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EXEKCISES. — XXI. 

1. Prove tan3(45 - J^) = (^) = taiiH-»- 

2. „ teii2 (45 + J ^) = (^) = cot^ 4 ^. 



3. ,, sin 2 ui = 



4. ,, cos 2^ = 

•6. „ cos4uis 

€. ,, tan4^ = 

7. „ sm*J-4 = 



(j2 • 
^» - gg 

a 



b ■\- e 

e-b 
2e ' 

c-\-b 



2c 
^. Prove, if s denote the semipeiimeter, 



8 



10. „ <? = 



cos 4^ cos4-SV2 
8 — a 8 — b 8 — c 



cosJ-4.8inJ5V2 sin J -4 cos J 5 V2 sin J -4 sin J 5 V2' 



11. The perpendicular on the hypotenuse from the right angle divides it 
into segments which are inversely proportional to the squares of the sines 
of the adjacent angles. 

12. In any triangle the altitude divides the base into segments which are 
proportional to the cotangents of the adjacent base angles. 

13. In any triangle the altitude divides the vertical angle into segments 
whose sines are inversely proportional to the adjacent sides. 

14. If the sides of a rectangle be 0, by express the angles of the rhombus 
formed by joining the middle points of its sides in terms of a and b» 

15. A tower and its spire subtend equal angles at a point whose distance 
from the foot of the tower is a ; prove that if A be the altitude of the tower, 
the height of the spire is 






K2 
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SEcnoir II. — OBLiaTJE-ANGLED Tbiaitgles. 

113. In any plane triangle the sides are proportional to tlie sines 
of the opposite angles. 

This proposition has been already proved in § 86, Cor. 





The following is the proof usually given: — Let ABC be any 
triangle. Prom A draw AD perpendicular to £C. 

V. Let B, C be acute angles. Then, from fig. (1), we have 
AD = ABsmB = ACan C, § 111; 
.'. h BinC ^ c smB. 
Hence h: e :: BiaB lanC. 

2**. Let the angle C be obtuse. "We have, from fig. (2), 
AJD^ACsiaACB^ACBinACB, 
since supplemental angles have equal sines, and 

AI)=-ABajiB, 
Hence J sin (7 «<? sin -5, or i : <? : : sin -B : sin (7. 

3°. If the angle C be right we have, from (305), 

h : e :: sinB : 1; but 1 = sin 90° = sin C7; 
.*. h : e : : BmB : BiaC. 



i 
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Hence, in every case, tlie sides are proportional to the sines 
of the opposite angles ; 



(306) 



sin -4 sin-B sin CT 



114. The sum of any two sides of a plane triangle is to the third 
-side as the cosine of half the difference of the opposite angles is to 
the sine of half the remaining angle. 



Dbm. — Ve have 

a BmA h sin^ 
e sin C' e sin (7 



(§113); 



aA-h ^einA + NuB 2 sin j^ (^ + ^) cos j^A-B ) 
e " sin C "" 2 sin J C cos J (7 

Bnt since J (-4 + ^) is the complement of J C^ 

sin J (-4 + -5) = cos i C. 

Hence «+* ^ cosJ(^-^^ 

c sm J (7 

116. The difference of any two sides of a triangle is to the third 
side as the sine of half the difference of the opposite angles is to the 
cosine of half the remaining angle. 

Dbu. — From (306) we get 

fl-5 _ sin^-sin^ 2 cosi(^ + ^) sin^(Jt-^) 
c ~ sin (7 2 sin i (7 cos J C7 

But cos i (-4 + -5) = sin i (7; 

. Izl = ^Mi^-3. (308) 

c cos ^ (7 



• • 
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116. The ium of any two aides of a triangU is to their difference 
as tan half the sum of the opposite angles is to tan half the difference. 



(309) 



Dbm. — From (306) we get 

tf + 3 __ sin^ + Bin-5 _^ tan J (^ + 5) 
a-i" sin^-sin-B" tan J (-4 - B)' 

We get the same result by dividing (307) by (308). 

EXBBCISBS. — XXII. 

, T. a + J + tf 2 cos J -4 COB } 5 ._, .^ 

1. Prove = . , ^ ' (310) 

2 a-h-^-e _ 2 am t^ cos } J .^^^. 

" e cosJC ' ^ ' 

3. If the angles A^ B^Coia. triangle be equal to 2a, 4a, 8a, respectiyelyr 
prove (a + 3 + c) : : : 1 : 2 Bin a. (Make use of Ex. 1). 

4. If AD biflect the angle BAC, prove BD : DC :: wiC: orB. 

5. In the same case, prove J)G =bem^ABeci{C^ B). 

6. If AD' bisect the external vertical angle, prove 

BD' : CD' iianC: wiB, 

7. In the same case, prove CD' «= 5 cos }-4 cosec J ((7- JB). 

8. The vertical angle of a triangle is divided by the median that bisects 
the base into segments whose sines are inversely proportional to the adja* 
cent sides. 

9. If AD bisect BC, prove tan ADB = ± ^ . 
10. In the same case, prove 

cot DAB + cot CAD = 4cot-4 + cot J + cot C. 

117. In every triangle, each side is equal to the sum of the pro- 
ducts of the other sides into the cosines of the angles which they 
malce with the first. 
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Dem. {"^g. (1), § 113)— We have 

BC = £J) + DC = AB cos B + AC cos C ; 

that is, a = ecosB + h cos C. 

And from fig. (2) we have 

BC = BD^ CD = AB cos B ^ AC coB{ir - C) 

= AB cosB + AC cos C, 
the same as hefore. 
Thus, a = hcos C -\- ocos B, (312) 

h = ocosA+acosCj (313) 

e'=:acosB + boos A. (314) 

ExEECiSKS. — XXIII. >y 

1. Prove {aooaB -b cos -4) c = «* - i*. 

2. „ (& + (?)cos^ + (<j + a) cos^+ (a + *)co8C=(a + 6 + tf). 

8. ,, acoB^ + ^cos^ + <;cos (7 

= } {a cos (5 - C) + i cos (C-A)-\- tfcos (^ - jB)}. 

4. „ a (cos jB cos (7+ cos -4) = * (cos (7 cos -4 + cos 5 

= e (cos ^ cosjB + cos C), 

2(a+b) 
6. „ cos-4 + co8J« -^-^— 'sin'iC. 

2 (J - a) 

6. „ coB-4-cos5= -^ ^cos'JC. 

7. ,1 acosui + 6cos^ + ^cos (7= 2a sin^sin C 

8. 9» (a + J + c) (cos-4 + cos J + cos C) 

= 2 (a cos^Jul + i cos2 J5 + tf cos* J (7). 

9. „ asm^smC7s acos^ cos(7+ ^ cosCcos^ + 0cos^ cos^. 

10. „ a^ + b^-\-c^=:2{abcoBC+becoBA + eacoaB). 

11. „ «» + 6»-c»:a»-«« + <j»::taii^: tanC. 

12. „ (aa - ^2) cot C+ (*» - c») cot^ + (c» - a«) cot5 = 0. 
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118. In any 'plane triangle^ the excess of the sum of the sqtiares 
of any two sides over the sqttare of the third side is equal to twice 
their product into the cosine of their included angle, 

Dem.— We have (fig. (1), § 113), from Euc. II., xin., 

AB'^BC^^ CA^^2BC.CD] 

but CD r, AC COB C. 

Hence AJS' =: BC^+ CA*-2£C.AC cos C; 

or, c* = a* + i* - 2ah cos C. 

Again, suppose C to be obtuse (fig. (2), § 113), we have, 
from Etjc. II., xn., 

AB' ^£C^+CA^+ 2BC. CD ; 

but CD = ^a cos(ir - (7) = - AC COB C. 

Hence AB^ =BC^+ CA^ ^ 2BC. AC cob C, 

as before. 

Thus c^=a^ + h^' 2ah cos C, (316) 

a«= 52+ c»- 2Jtf cosAj (316) 

5»=c»+a»-2(?acosJ?. (317) 

119. From §§118, 117, 118, vre have, between the six ele- 
ments of a triangle, the three following groups of relation : — 

a _^ h e 

I. } eiaA "" sin-5 " sin C^ 

A + B+ C=w. 

a = h cosC + c cobB, 

II. {hrs e cobA + a cos C7, 

c =^ a cobB + h cob A. 

a2=5*+c»-2Jtf cos^, 

III. \b^=c^+a^-2cacoBB, 

c^= a^+ 11^' 2ah COB C. 



y 
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Now, a triangle is determined by any three elements (except 

the three angles). Hence there can exist only three distinct 

equations between the elements; and therefore each of the 

groups I., II., III., must follow as a consequence from either 

of the other two. Thus, to infer I. from III. we have, from 

equation (316), 

4iV cos«^ = (i» + c» - ^2)3^ 
that is, 

4iV - 4i«(?2 sin«^ = 25V - 2c2a' - 2a'*2 ^. j4 + ^ + ^^ 

-r sin'^u^ 25V+2c2a2+2a252-«*-5*-^ ,„,^^ 

^''''' —^ i^iv • («^») 

And since the second side of this equation is unaltered by 
interchange of letters, we have 

8in*w4 sin^jB sin* C 



a" h^ & ' 

which is the same as group I. 

Group II. is inferred from III. by adding two equations 
of III. Thus, by adding the second and third of III., and 
dividing by 2<j, we get the first of II. 

From II. we can infer III. Thus, multiplying the equa- 
tions II. by dr, 3, ^, and subtracting each product from the sum 
of the other two. 

In order to infer -4 + jB + (7 ■ tt from II., we eliminate 
a, 5, c. Thus we get 

cos' -4 + cos'^ + cos'* C + 2 cos -4 cos J5 cos (7 - 1 = ; 
or, 

, A^B^C B^C-A C+A-B A+B-C ^ 
4 cos cos . cos cos = 0. 

(Equation 184.) 
One factor of which, cos = 0, 

gives A + B + C = Tr. 
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In a similar manner, from I. we can infer II. Thns — 

a h e 

sinA sin^ sin (7' 
Hence 

a h oobC-^ C cobB IcobC + o cos B 

an A sin -5 cos (7+ cos ^ sin C " Bm{B + C) 

Hence a-h cob C-\- e cob B, 



EXEBCISES XXIY. 

2ir 

1. If the angle A oia triangle be equal to — , prove «• = J' + fttf + «•. 

3 

Iff 

2. If the angle ^ of a triangle be equal to -, prove a' = ^ - ^ + «*. 

3 

3. In any triangle, prove 

a^-b^ = 2e{a cos (60* + B) - h cos (eO"* + ^)}. 

4. In any triangle, prove perimeter 

ABC 
2a cosec — cos — cos — . 
« 2 2 

e T» 1. .1. , ,.,-.• 4aJ sin^JC 

6. If ^ be an auxiliary angle such that tan' A = -; r^, 

[a — by 

prove <; = (a - i) sec ^. (319) 



a rt . 2 • 4** cos'iC . _^ 

6. If ea?^ = — -|-, prove c = (a + J) cos 4'* 



(320) 



7. If a, d, be two adjacent sides of a parallogram, their included angle, 
prove difference of squares of diagonals = 4ad cos 9. 

8. In any triangle, «» = (« + hf wo?iC + (a - by cos* JC. 

9. If y, d', e' be the medians of the triangle ABC, and ^', IT, (T the 
angles of a triangle whose sides are equal to a', b\ e\ prove that 

4 (a'*' cos C + *V cos-4' + e'a' cos J') = 3 (aJ cos C-^-beaofk A^-ca 008j9). 
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120. To express the sine, the cosine, and the tangent of half an 
angle of a triangle in terms of the sides. 

l^ We have, from (316), 

2hc cos -4 = ^ + c* - a', (a) 

and 2lo = 2ho. (jS) 

Hence 2ho{l - cos -4) = a* - (J - c)'* = (a + 5 - e){a -b + e). 

Let a-¥b + 0^=28, so that s is the semiperimeter of the triangle ; 

then (a - i + ^) = 2(* - b), (« + i - c) = 2(« - e). 

Hence 4be sin' J^ = 4 (« - J) (« - (?) ; (322) 



therefore sin J-4 = J- ^ L 



(323) 



Similarly, sin iJB = J^ilS^il^, (324) 

and smia=J^— ^^. 

2°. By adding equations (a) and (j3), we get 

2be(l + COS A) = (5 + c)* - «? = 2» , 2(« - a) ; 

therefore co8M = J^^5^- (826) 

Similarly, co8j5=J^^^^, (826) 



and cos^C 



-j^- (»") 
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Z\ By dividing (322) by (325), 
we get tanj^-/(*IMzf). 



Similarly, 



tanj^ 



\ S.9-h ' 



and 






(328) 



(329) 



(330) 



4°. By taJdng twice the product of (322) and (325), we get 



'"^^ "x^v'^C* -«)(«-*)(« -^)- 



(331) 



1. Prove tanJ-4.taiiJ5 = 



EXEECISES. — XXV. 
8 — e 



2. 
3. 

4. 

7. 

S. 

9. 
10. 

11. 



cos^JJl : cos'J5 : : »(« — «) : i(a — J). 



(332) 
(333) 



2*2tf« + 2c'a2 + 2a2i2-a4-M-<J*=16«. («-«)(«- *)(«-«). 

(334) 
8-a = h sin* J(7+ <? sin* JB. 

g»- y _ siii(^->.B) 
^ " 8mC7 * 

ag-^g _ 8in(^~J) 
a« sin^ * 



9 

cos JP COS J(7 = - . sin J-4. 



sin }jS . sin JC7 = sin}^. 



tan}-4/tan}5 = (« - *)/(« - <:). 

(tan J^ - tan JJ5)/(tan}^ + tan J5) = (« - h)\c. 
(a + c) tan JP + (a - c) cot J5 



cotC = 



iG 
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12. Proye {h - c) cot J^ + (c - a) cot JJ? + (a - i) cot \C = 0. 

13. „ ««. tan }^. tan J5. tan J6'=V»(»- a). («-*)(«-<>). 

14. „ ii« Bin 25 + ^2 sin 2^ = 2aJ sin C. 

15. „ *cos2JC+ccos»J5 = *. 

16. Prove that the lengths of the'lines bisecting the angles of a triangle^ 
and terminated by the opposite sides, are — 

^sinC <;8in^ asin^ 



cosJ(-B-C)' co8i((7-^)' cosJ(^-jB)* 

17. If a^i ^, c^ be in AF, prove that cot -4, cot J?, cot C are in*-4P. 

18. If cotJ5cotjC7=3, prove that h-\-c = 2a. 

19. If a, 3, c be in AP, and the greatest angle exceed the least by 90% 

prove that a:3:c::V7-l:V7:\/7+l. 

20. If (a« + ^2) sin (^ - -B) = (a« - h^) sin [A + 5), 
prove that the triangle is either isosceles or right-angled. 

21. If a\ h\ c^ be in AF, prove that 

sin 3jB = — T sin J?. 

22. If the angles of a tiiangle form an AF, whose common difference is 8^ 

a •{• e 
prove that cos 5 = —^ • 

23. If a, b, ehem AF, prove that 

cot}^, cotJ5, cot J (7 are in -4P. 

24. If a point in tlie plane of a triangle be joined to the angular points- 
Af JBf C, prove that 

Bin ABO . sin JBCO. sin CAO = sin OAB . sin OBC. sin OCA. ^ 

25. If C7 be a right angle, prove 

008 (2^ - 5) = — ^ — 3 -. 
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26. If a?, ^, 2 be three angles determined by the relations 



a h e 

008 3?=^—, cosy = -^7^, C082S 



h-^e' 



c-{- a 



« + *' 



prove that — 



10. tan*^ + tan«^ + tan«^ = l. 
2 2 2 

X y % ABC 

2°. tan-.tan^tan- = tan— .tan— tan—-. 
2 2 2 2 A i 

A H 

27. Prove that fttfcos'— + <jaco8»— + a3co8'}C= A 

2 ^ 



Section III. — Akea op Thianglb. 

121. To find Expressions for the Area of a Triangle. 

P. The area of a triangle is equal to half the product of any two 
-sides into the sine of their included angle. 




Dem. — Let ABC be the triangle, CD the perpendicnlar from 
C on AB, Then (Euc. II. i., Cor. 2), the area of 

ABC^iAB.CB; 
but CJ) = AC. sin A. 



Hence area = J AB , AC sin. A; 

or, denoting the area by S, 

S = ihcmiA. 



(335) 
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Cor. 1. — Area of a parallelogram whose adjacents are a, h 

= aJ sin (ab). (336) 

Cor. 2. — Area of a quadrilateral whose diagonals are 8S' 

= i8S'8in(8^')- (337) 

[Circumscribe a parallelogram whose sides are parallel to the 
diagonals.] 

Cor, 3. — K E be the circumradius, area = -7= ; (338) 

because (§ 36), sin-4 = a/2jB. 

2°. The area in terms of the sides. 
"We have in equation (331) 

. , 2 

sin^ = ^v^,. (, - a).(* - ^) . (* - ^). 

Substituting this in (335), we get 



« = -/«.(«- a){s - b)(s - c). (339) 

3^. If we substitute the value of h, got from the proportion 

sm£ : smC :: h : cia (335), 

« , , 8in-4.8in^ c* /«^/xx 

we get /S = Jc». r--^ — = ^, . . . — z-wv (340) 

° sin C 2(cot J[ + cot-5) • ^ 

4°. Substitute for 3 and c from 

J/sin J5 = c/sin C = 2E 

in (335), and we get 

^ = 2JK* sin ^ . sin ^. sin C. (341) 
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5^ 



S = «*. tan -— . tan — . tan — , 

2 ^ ^ 



(342) 



inferred from ^^ o" = J ^^ ' ^^• 



6^ /g=:iv/(2^V + 2c»«» + 2a2J>-a*-i*-0» (^43) 

from (318) and (335). 

7°. If r denote in-radius, ^ = «r. 

.A 




B D Q 

Por, if be tlie in-centre, D, U, F the points of contact, 



the area of the triangle A OB 



cr 
"2' 



>> 



>> 



>> 



>> 



hr 
.-. S = — r — r = 8r. 



(344) 



S\ 



A ,B ,C 

iS = f^. cot -T- . cot ~ . cot — > 



(345) 



inferred from 5° and 7^ 
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EXEECISES. — XX YI. 

jL B C 
1. Prove iS^ = (# - a)* tan — - cot — cot -— . 



2. 
4. 



II 



-s 



< 



a« + ft« + tf' 



^^^ \ 

+ cot C) ' 



(346) 



(347) 



cot ^ + cot ^ 

8^\{a^ cot A + 62 coti? + c2 cot C7). (348) 

S = R{a cos Ccos -4 + * cos -4 cos ^ + <? cos B cos C). (349) 

{a V4 J22 - 6» + 6 V4J22-a2|. 



-5' = 



a^ 



8J2» 



(360) 



-6. If h'y h"f h'" denote the altitudes, proye 

S = ^ (h'h" + h"h'" + h"'h') 



(361) 



B 



2(8- a) 



(A'A"-A"A'"+A'"A'). 



7. „ S = y/i{Br){h'h"+h''h"'-\'h'"h'). (362) 

S. Proye that the area of the orthocentric triangle 

es 2S cos A cos ^ cos C. (363) 

9. Prove area of triangle formed by points of contact of incircle 

^ . A . B . C ^ ^ A B C ,„^,, 

= /S sm -— . sin —- Bin -— = 2r* cos -^ • cos — - cos -— . (364) 

2 2 2 2 2 2^' 

10. If A', B'y C be the reflections of the summits A, B, C of the triangle 
ABC with respect to the opposite sides, prove that the area of 

AA'B'C =8(3 + S cos A cos B cos Cf). (366) 

11. If jS', $"f P'" denote bisectors of angles, prove that 



(366) 



12. 

13. 
14. 
16. 

16. 



.. J &'fi"$'"(a + b){b + e){c + a) 

*^ ^y 2Bi • 

/S = Jflj3'sin(C+}-4). (368) 

/S= 2»0'8in J^ + i3"Bin J5 + i3"'8inJC). (369) 

S = e{0'aiiiA + fi" sin J5 - /3"' sin J(7). (360) 

iS^^(h"+h"')BeciA= ^^"+^"0 (361) 

^ ' ^ cos i^ sin ((7+^-4) ^ ' 
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17. If through the summits A, B, C oi & triangle we draw three lines, 
maldng with ABy BO, CA the same angle a, prove that the area of the tri- 
angle formed hy these lines is 

S J^^, (362) 

where « is the angle cot-^ (cot ^ + cot ^ + cot C), (Neubbbo.) 

18. If through the summits of a triangle we draw three lines making the 
same angle a with the opposite sides, proye that the area of the triangle 
formed hy these lines is iS cos' a. (Ibid.) (363) 

19. If the adjacent sides of a parallelogram be a, b, and their included 
angle A, prove that the area of the parallelogram formed by the bisectors of 

ts interior angles is i(a — b)^amA. (364) 

20. If ABC he any triangle, iff any point in its plane, the area of the 
triangle formed by the orthocentres of the triangles AMB, BMC, CMA is 
equal to the area of the triangle ABC. (Neubb&o.) 

21. If e\ e*\ ^" be the reciprocals of the altitudes of ABC^ prove 

^ = -7 T, — iTi = T, — iTi -, = &c- (366) 

22. If 25 = tf' + e'* + e"\ prove 

^'^ = V5.(2-.').(5-0(5-O' ^^^^ 

23. The area of the triangle whose sides are equal to the medians = \8. 

(367) 

24. If m\ nC\ m'" be the medians of a triangle, prove 



g^ j {m'^ + m"^ + m"'^ ) l(e'^ + g^^ + e*''^ ) 



(368) 



25. If /ly II denote the angles made with the base by the median and the 
bisector of the vertical angle, prove 



'''"^''^^^r <'«') 
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Seciiok IV. — Formulae Eelatite to Eadh op Circles. 

122. To find the irhradius of a triangU in terms of the sides. 
We have (see fig., § 121, 1% rs = 8. (Equation 344.) 

Hence r« = v^* («-«)(«- ^) (« - ^). (Equation 339.) 



Cor. 1.— 



... r= KIzMIzMLl!^. 



(369) 



A 



AF^ {s - a) ['* Sequel," IV. i.] - r cot — . (370) 



BF=^ {s - 1) 



„ „ =rcot— . (371) 



>> 



}> 



= r cot ~. (372) 



CF^{S'-c) 

Cor. 2. — {s - a)i{s-h)\{s-e)'.s \\ cot^^ :cot J-ff 

: cot i (7 : cot ^A cot iB cot J (7. (373) 

123. To find the radii of the escribed circles. 




Denoting tlie radii of the escribed circles by r', r", r'", we 
have area of triangle BOC^ iar', 

COA^^hr*, 

„ AOB^icr'. 

L2 



M 
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Hence, adding the two last, and subtracting the first, we get 

. 8 



In like manner, 



and 



Cor. i.— 

Cor. 2.— 
Cor. 3.— 





8-a 








S-0 


1 


1 1 1 


r 


"= + + . 


8 


= yrrW ". 



(374) 
(375) 
(376) 

(377) 

(378) 
(379) 



124. To find the cireumradius in terms of the sides. 

ahe 
Let J2 = circumradius ; then 8 = — ^. (Equation 338.) 



Hence 



^ = 



a^t; 



4 \/« («- a) («-^) («-<?)* 



(380) 



125. To find the distance between the incentre and circumcentrf 
of a triangle. 

Let /, be the incentre and circumcentre, respectively. 
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Join AI, and produce to meet the circle in JE. Join OA, 01^ 
OEy CE. Now the angles EIC^ ECI are evidently each equal 
to i{A + C). Hence ^J= EC\ but (§ 36), jE'C = 25 sin J^ ; 
.'. EI= 2jB sin ^A, And since /is the incentre, lA . sin J-4 = r. 
Hence jE7. IA = 2i2r. 

iVow, denoting 01 hj 8, since the triangle AOEia isosceles, 
we have OA^ -OP=EI.IA (" Sequel," II. i). 

Hence B^^^=2Rr', or i = ^^-^ + -^—.. (381) 



EXEECISES XXVII. 

1. The sides of a triangle are 13, 14, 16. Find the radii of its oircum- 
oircle, and of its inscribed and escribed circles. 

2. Prove 412 sin \A sin ^B sin \C = r. (382) 

3. ,, r = a8inj^£ sin}C7sec}^. (383) 

4. „ r' = a cos \B cos \C sec \A, (384) 

6. „ /r'V" = r3 cot« 4 ^^^ ^ co<^' ■^- (386) 

2 2 2 

6. „ 2i2 + 2r = a cot ^ + 6 cot ^ + <; cot C. (386) 

7. If ai, ^1, ei be the sides of the triangle formed by the centres of the 
escribed circles, prove aja\ = sin}^, &c. (387) 

8. The area of the same triangle = ahejr (388) 

9. The distances of the incentre of a triangle from the centres of its 

escribed circles are 

A ^ B C 

a sec — , sec — , e sec — • 

2 2^ 

10. If df e,fhe the distances of the incentre from A, B, 0, prove 



and 



-li-lh '(HhHl-\) -'■ 



11. If /?, p' be the perpendiculars from Bf on the bisector of the 
angle A, prove jpp' = (« - i) (« - e). 
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12. Prove that 12 : r : : sin^ + sinP + sin (7: 2 sin^ ain^ sin (7. 

13. If 8', V\ V" denote the distances of the drcumcentre from the centres 
of the escrihed circles, proye 

**' 4..^!^. =-1, &c. (389) 



5 + 5' JZ-J* 



r 



14. Prove ^ = — V(r' + r") (r" + r") (r " + r')* (390) 

16. „ ^=I-(r' + r")(r" + r")(r'"+r'). (391) 

QvC 

16. „ 5»=(<,»+i' + ^)/(i + ij+^ + ^). (392) 

17. If he the incentre of the triangle ABC, ri, Ri the inradius and 
circumradius of AOB, prove that 

n = <?/(cot {A + cot \B)y Ri = <j/(2 cos J(7). 

18. Prove that the angles of the orthocentric triangle are «> — 2 A, 
» — 2B, IT — 2C7, respectively. 

19. Prove that the lengths of its sides are a cos u^, b cos B^ e cos C, 

20. Prove that its perimeter is 4J2 sinu^ sin^ sin (7. 

21 . Prove 8 = arr'l{r' - r) = ar"r'"l('/'+ r'") . 

22. „ 8^ rr'ir" + O/a = r' V" (r' - r)/a. 

23. „ S={a + b) rr'"l{r + r'") = (a - *) rV7(r' - /'). 

24. „ 8= rr' (r" - r"0/(i - <?) = r V" (r + O/C* + c). 

26. „ fi^ = rr' V(f" + r'")/V(r' - r) = r'V'" V(r'- r)/V(/'+ r"'). 

26. „ /S = »Vr7(A' + 2r') = («-«) A'r/(V - 2r). 

27. „ 8 = Vrr7(<!^ + «" - e'") {/ - «" + e'"). 

28. „ 5' = Vr"r"7{/ + «" + «'") (e" + e'" - «'). 

29. „ 5' = (r' + r" + r'"- r)^ A'A"r 7(8a*c). 

30. „ i5 = Ji22(8in2^ + sin2-B + sin2(7). 



CHAPTER VL 

RESOLUTION OP TRIANGLES AND QUADRILATERALS. 

126. Every triangle has six parts, namely, three sides and three 
angles. When any three of these are given, except the three 
angles, the remaining parts can he calculated, the process of 
doing which is called the solution of triangles. The reason that 
the three angles are insufficient is, that they are not indepen- 
dent ; for (Euc. I., xxn.), if two of them he given, the third is 
determined. Triangles are divided in Trigonometry into right- 
angled and ohlique. We shall commence with the solution of 
the former. 

SscnoN I. — The Eight-angled Tbiakglx. 

127. There are four cases of right-angled triangles : — 
I. Given one side and the hypotenuse. 
II. „ two sides. 
III. „ one side and one of the acute angles. 
lY. „ the hypotenuse and one of the acute angles. 

We shall solve these cases — P. Without logarithms ; 2«. By 
logarithms. 

The following are the formulae for the solution of right- 
angled triangles: — 

8inui = -, 8in^ = -, (393) 

e 

h n 

cos A = -, qob£ = -f (394) 

C 

tan-4 = Y, tan^ = -. (396) 



J 
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The second set are got from the first by interchange of 
letters. 

Example 1. — 

Given a = 119-7070, c = 3500 ; find h, a, h. 

We hare, from (393), 

. . a 119-7070 ,,^^„^^ 
sin-4 = - = ^,^^ = -3420200: 
c 3500 ' 

.-. J[ = 20^ Hence ^ =» 70^ 

And from (394), 

h = ccOBA = 3500 X -9396926 = 3288-9241. 

Example 2. — 

Given a = 225-101, 5 = 250 ; find (7, A, B. 

a 225*101 
Prom (395), tan ^ = ^ = ^ = -9004040 ; 

.-. A = 42°, and ^ = 48°. 

Again, from (394), we get 

<? = 5 sec^ = 250 + 1-3456327 = 3364082. 

Example 3. — 

Given a = 240, A = 23° 8' ; find B, e, b. 

Since A +B= 90°, we have B = 66° 52'. 

And from (393), we get 

e = a cosec^ = 240 x 2-5453561 = 610-87546» 

Also, from (395), 

h = acotA = 2i0x 2*3469028 = 563-2567. 

Example 4. — 

Given c = 560, A = 35° 32'; find B, a, L 

From (393), 

a ^CBiaA = 560 x -5811765 = 324-5084. 
From (394), 

h ^ccosA = 560 X -8137775 = 455-7164^ 
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EXEKCISES. — XXYIII. 

1. A May-pole was broken by the wind, and its top struck the ground 
20 feet from the base ; had it been broken 5 feet lower down its top would 
have extended 10 feet further from its base. Bequired the height. 

2» A tower 75 feet high casts a shadow of 45 feet on the horizontal plane 
on which it stands. Find the sun's altitude. 

3. An object 7} feet high, placed on the top of a tower, subtends an 
angle whose tangent is *0 15, at a place whose horizontal distance from the 
foot of tbe tower is 125 feet. Find the height of the tower. 

4. The peak of Teneriffe is 2\ miles high, and the angular depression of 
the horizon from its summit is 2** 1' 47''. Find the earth's diameter. 

128. Calculation by Logaxifhms. 

Case I. — Given ay c, it is required to find h. A, B. 

Prom the equation sin -4 = - (393), by taking logarithms, we^ 



get L sin -4 = 10 + log a - log c. (396) 

This determines A ; then B = 90° - -4, 
and (Euc. I., xlvii.), 3» = (e? + a){c - a). 
Hence log 3 = J { log (c + <?) + log (e-a)]. (397) 

Or h may be found from (394), which gives 

log 5 = log (? + L cos ^ - 10. (398) 

Example. — Given a = 21, <? = 29 ; find J, -4, B, 

Type of the Calculation, 
tf + a = 50, ^ - a = 8. 



log3=i{log(<? + a) + log(c-a)), 

log(<? + a) = 1-6989700, 

log {e-a)^ -9030900. 

Hence 

logJ= 1-3010300; .-. i = 20. 



loga= 1-3222913, 

log (J =1-4623980, 

Zsin^ = 9-8598213. 

Hence 

^=46°23'50", ^=43°36'10". 
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If the difference <j - a be very small when compared to «, the 
angle A is very near 90°, and cannot be determined with much 

precision from the formula sin A = -. In this case it is prefer- 
able to employ either of the following : — 



. , -, /l-cos-ff je-a 



(399) 



X , T> /l - cos -B Ic - a , ^ _ ^. 

tan J^ = J, =, = J . (400) 

^ \l + cos-B \c\a ^ ' 



Observation, — For the logarithms of the trigonometrical func- 
tions French authors use the logarithms of the Tables diminished 
by 10. Thus 

log8in^=T-8598213, 
instead of 

L8inu^ = 9*8598213. 

There is no doubt but this is the better way, and will be soon 
adopted by English mathematicians ; but we do not wish to be 
the first to make the innovation. 

Case II. — Qiven a^ h, it is required to find Ay J9, e. 
From (395), we get 

L tan -4 = 10 + log a - log h. (401) 

Hence A is determined, and then 

.& = 90°--4. 
Again, from (393), we have 

log<?= lO + loga-Lsin-4. (402) 

Or c may be found from 

EZAHPLB. — 

Oiven a = 2266-35, h = 5439-24 ; find A, B, e. 
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Type of the Calculation, 



log« = 3-3553270, 

log h = 3-7355382. 

Hence L tan^ = 9*6197888 ; 

.-. ^ = 22°37'll"-5, 

and -5 = 67° 22' 48"-5. 



L sin ^ = 9-5850266 ; 
but log (? = 10 + log « - L sin-4 ; 
.-. log (? = 3-7703004. 
Hence <? = 5892-51. 



Case III. — Given a, -4, it is required to find JB., J, e. 
Prom (402), we have 

log <? = 10 + log a - Z Bia A, 
Prom (401), we have 

log 3 = 10 + log a - Z tan -i. (403) 

Lastly, B = 90° - A. Hence e, h, B are determined. 

Example. — 

Given a = 5472-5, A = 32° 15' 24" ; find B, h, e. 

Type of the Calculation. 



10 + log«= 13-7381858, 
Lsin^ = 9-7273076. 
Hence lege? = 4-0108782 ; 
.-. c = 10253-9. 



10 + loga= 13-7381858, 
Ltan^ = 9-8001090. 
Hence log 3 = 3-9380768; 
.-. 3 = 8671-5. 



Case IV. — Given e, A, it is required to find a, h, B, 

Prom (398), we get 

log a = log (? + Z sin -4 - 10, 

and Bj h may be calculated as in Case II. 



(404) 
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^ 



EXEECISES. — ^XXIX. 

1. Given a = 324, « = 640 ; find b, A, B, 

2. „ a = 3 furlongs 12 perches, c = 1*6 miles; „ h, A^ B, 

3. „ a = 95-42 feet, h = 40*45 yards; 

4. „ a e 3*65 metres, d = 4*25 metres ; 
6. „ a = 4-42 metres, ^ = 35'; 

6. „ a = 17-34 yards, 5 = 69^30'; 

7. „ c=lmile, -4 = 64»8'; 



, Cj Ay B. 

, tf. A, Bn 

f By Of b. 

, A, Cy b. 

, JB, a, b. 



Section II. — OBLiaiJE-ANGLED Triangles. 

129. There are four cases of oblique-angled triangles. — 
I. A side and two angles. 

II. Two sides, and the angle opposite to one of them. 

III. Two sides and the included angle. 

IV. The three sides. 

Case I. — Suppose B, C a/re the given angles, and a the given 



Then ^ = 180° - (^ + C). Hence A is determined. 



Again, 



Hence 



>> 



sin^ 



sin C 



a ~ sin -4' a sin-4' 
log h = log a + L sin j5 - L sin-4, 
log c = log a + L sin (7 ~ L sin A. 



(405) 
(406) 



Hence the required parts are found. 
If -4, j5 be the giyen angles, we have 

(7=180°-(^ + ^), 
and h^ e can be found as before. 
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Example. — 

Given B = 38° 12' 48", C = 60°, a = 7012-6 ; find h, e. 



Type of the Calculation. 



A 

.-. A 

log a 

Lsin^ 

L sin^ 



180° -(^+ C)\ 
81° 47' 12", 
3-8458729, 
9-9714038, 
9-9955225 ; 



.-. log} 
Hence h 

Lsin C 
Hence log c 



e = 



3-6417542. 

557815. 

9-9375306. 

3-7878810; 

6135-94. 



130. Case II. — Given 0, h, and the angle A, to 9olve the 
triangle. 

From (405), we get 

L sin -B = L sin-i + log } - log a. (407) 

Since the sine of an angle is equal to the sine of its supplement, 
when an angle is found from its sine, it is sometimes doubtful 
which of the supplemental angles having the given sine is to be 
selected. This happens only when two sides and the angle opposite 
to the less are given. Thus, if A CB be a triangle, having A C 
^eater than CB^ and if CD be cut off equal to CB, the circle 




described with C as centre, and CB as radius, will cut the base 
AB in two points J5, -B'; then joining CB\ we have two tri- 
angles, viz., CABj CAB', having the parts 3, a. A, exactly the 
same in both, although their remaining parts are different. 
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Hence each of these triangles fulfils the required conditions, 
on which account this case of the solution of triangles is called 
the ambigiwus case. 

When two sides and the angle opposite to the greater are 
given, there can he no amhiguity, for the angle opposite to the 
less must he acute. 

131. The angle B having heen determined, C is given by the 

equation 

^4.^+ C7=180^ 

and the third side can be calculated as in Case I. It can also 
be found as follows : — 

We have J' + 0* - 2 J cos -4 = a' ; 

and, solving as a quadratic, we get 

c^laoBAt v/^^^FaSZ. (408) 

The part affected by the radical will evidently yanish if the 
angle B be right. In this case there will be no ambiguity, and 
we have e-hi^o^A, If a be less than h sin^, the values of ^ 
will be imaginary, and there will be no triangle answering to 
the given conditions. Lastly, if a be > ^ sin -4, there will be 
two real values for c. In order that each may be positive, 
i'cos'-4 must be > «^- ^*sin*^, or a < h, Sence there mil 
he no amliguityy except when a <h, and >h sinA. 

132. In order to render the formula (408), calculable by 
logarithms, we write it 



c = ^ cos ^ ± ^ sin ^ 



VVi'sin'^-^j' 



or, putting a/b sin ^ «= cosec ^, 

^ = (^ cos ^ ± 3 sin A cot ff>) = h sin (^ ± A) cosec ^. 
Hence c = asin(^ ± A) cosec -4. (409) 



Oblique-angled Triangles, 
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Example. — 

Given a = 7, 5 = 8, A^2r 47' 45" ; find B, C, c. 

Type of the Calculation. 



L sin J? = L sin-4 + log h - log a, 
L sin ^=9-6686860, 
log h = -9030900, 
log a = -8450980 ; 

.-. Lsin^= 9-7266780. 



There are two solutions : — 
JB = 32° 12' 15", 
or £= 147° 47' 45". 

Hence 
C?=120°, or (7 =4° 24' 30"^ 

and <? = 13, or (? = 1-15385. 



133. Case III. — Given a, 5, and the angle C, to find A, B^ c. 
From § 116, we have 

a + 5 : a - i : : tan J(-4 + B) : tan J(-4 - B), 
Hence 

LtanJ(^--5)=LtanJ(-4 + ^) + log(«-J)-log(«+i). (410) 

Now, since C is given, its supplement -4 + -5 is given, and 
equation (410) determines A - B. Hence A^ B are found ; the 
side c can be found (§ 114), which gives 

logtJ = log(tf + h) + L BiniC-Zcoai{A - B). (411) 

The side o may also be found by means of either of the 
auxiliary <^, ^ (Exercises XXIV., 5, 6). 

Should the case occur that a, h were known only by their 
logarithms, then we should write 

tani(^ - ^)/tan J(^ + ^) = ^- — ^ = i =. tan (45 - 4>) 



if 



or 



a + h 



- =s tan <h, 
a 



1+- 
a 



tanj(ui-^) = tanj(^ + j5)tan(45-.^). 



(412) 



• • ••• ••• 

• • • • ?• 

• • •-• ! 

• • • • 
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134. Case IY. — Given the three sides of a triangle, to find the 
-angles. 



We have (§ 122), r = /(*-^)(^^^)(*"^), 

-and (§ 122, Cor. 1), tmiA = -^; 

..', log r = i {log («-«) + log (« - 5) + log (« - c) - log *} , (413) 

L tan J^ = 10 + log r - log (« - a). (414) 

Sinularly, L tan Jj5 = 10 + log r - log (« - 5), (415) 

and L tan J C = 10 + log r - log (« - c). (416) 

Case IV. can also be solved by dividing the given triangle 
into two right-angled triangles by a perpendicular. Thus the 
perpendicular from A on JBC divides it into two segments, JBD, 
DC, which are respectively equal to 

— 2i— ' "^^ —2r- (*"> 

And then we have two right-angled triangles, in each of which 
^ hypotenuse and a side are given. 

EXEKCISES. — XXX. 

1. Given a = 7, ^ = 8, (7=120; find A, £, e, 

2. „ a = 616, * = 219, C= 98* 64"; „ A,B,e. 

3. „ a =13, *«=14, «=16; „ rtaidA,B,a 

4. „ -4 = 18% a = 3, A = 3 + VS ; „ B, C, e, 

6. „ u4 = 16% a = 6, * = 6(1+V3); „ B, C, e, 

6. Prove that the altitudes of a triangle are inversely proportional to 
(cot iB + cot JC), (cot J(7 + cot iA), (cot J-4 + cot ^B), 
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7. If the angles of a triangle be in the ratio 1 : 2 : 7» prove that the 
greatest side : the least : : Vs + 1 : Vs - 1. 

8. The angles of a triangle are as 1 : 2 : 3, and the difference between the 
greatest and the least side is 1000 yards ; find the sides. 

9. Given fl= 18, ft = 2, ^=65"; find -4, By being given log 2 = -3010300, 
L tan 62» 30' = 10-2836233, L tan 66" 56' = 10-1863769, tab. diff. for 1' 
= 2763. 

10. If ^ = 30% fl=3, 3 = 3^3, prove C=90'. 

11. Prove that the line which divides one of the angles of an equilateral 
triangle in the ratio 3 : 1 divides the opposite side in- the ratio 

VS + 1 : 2. 

12. If (7, C* be the values of the third angle in the ambiguous case when 
•a, ft, A are given, and ft > a, prove 

tanJ[ = cotJ(C'+ C"). 

13. Given L sin -4 =9-9358921, L sin Sg'^ 37' 40"= 9-9368894, tab. diff. 
for 10"= 124, finduf. 

14. The sides a, ft are 9, 7, (7 = 64'' 12'; find A, B, being given log 2 
= -3010300, L tan 67' 64' = 10-2025265, L tan 11° 16' = 9-2993216, 
L tan 11° 17' =9-2998804. 

15. If the angle ^ of a triangle be very obtuse, show that the sum of 
B and C is very nearly 



'W^ 



206264-8 J^^ — ^seconds. 



16. If the side of the base of a square pyramid be to the length of an 
•edge : : 4 : 3, find slope of each face, being given log 2 = -3010300, 
L tan 26° 33'= 9-6986800, tab. diff. for 1'= 3200. 

17. The sides of a triangle are 18, 20, 22 ; find L tan of the least angle, 
being given 

log 2 a -3010300, log 3 = -4771213. 

18. Given a = 19, ft ■ 1, (7 b 60°; find A, B, being given 

logs = -4771213, L tan 67° 19' 11"= 10-1928032. 






- •". 
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19. The radii of two circles are r, r', and the distance between their 
centres is d; find — l^. The angle of intersection of their common tan- 
gents. 2<>. The angle of intersection of the circles. 3^. The distance of 
a point of intersection of the circles from the intersection of the common 
tangents. 4\ The angle tmder which the intercept on one of the common 
tangents between the points of contact is seen from either point of inter- 
section of the circles. 

20. Find the radius of a circle inscribed in a lozenge whose side is a, and 
angles a, and (ir — a). 

Section III. — Triangles with other Data.* 

135. !•. Given s, A, B, C, solve the triangle. 

a h e a ■¥ h + e 

BiaA ~ smB sin (7 sin ^ + sin ^ + sin C 



2 cos iA cos ^B cos J C ' 
s sin iA , « sin ^B 

a = r-^;^ T-TZj « 



COS^J? COS JC 



e as 



fsin^C 



cosjCcos J^-4' cos^^ cos^^ 



Cor. — 8 = ^ah sin C = ^'tan -- tan — tan --. 

Jt ^ ^ 

2". Given ^8^, A, B, C, solVe the triangle. 



a* sin J9 sin (7 ^ ^ __ / 2 sin^. iS 
" 2 8inui ' '* "Vsin^sinC 




* We deyelop some examples in the text to make the reader acquainted 
witli the principal artifices. 
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3^ Given r, A, B, C, solve the triangle. 

A 

r cos — 

a^BJ) + 1)0=^ r{coti£ + cotiC7) = 15— —» 

sm ~ sin -7 
2 2 

, 2 2 

smj.Biny sin — .sin- 

A B C 

Cor, — ^ = Jai sin C = r^ cot •— cot --• cot — . 

M Ji ^ 

4**. Given «, -4, 5 + <?, solve the triangle. 

.A B-C 

a : 6 + <? : : sin —- : cos — - — . 

Jt It 

Hence J9 - C is given, &o. 

A A 

Or ihui: a" '^ {h - ef co8»- + {h + cf sin»-, 

when (i - e) is given, &c. 

S**. Given a, A, 3 + Cy solve the triangle. 

ah s ^^sin^, 
and 

a« = (5 + ef-- 4J(?sin» — = (3 + <?)»- 2ah tan—. 
Hence A is given. 



whence 3 - « is known. 

6*. Given «, A, -B - C, solve the triangle. 

, / . ■»> . ^x A sin -4 2A sin -4 

a « A(cot-B + cot C) = -: — p . ^ = — 7-5 — 777- 7; 

^ '' sin -B sm C cos (^ - C/) + cos -4 

2A 
.'. cos (-B - (7) = — sin ^ - cos ^ (if 2A/tf = cot ^) 

K cot ^ sin ^ - cos ^ a sin (^ - ^) cosec ^. 

112 
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» 

?•. Given A, a-{-b = p^ (« + ^) = y, solve the triangle. 

fl« » (i8 - a)* + (y - ay - 2(^3 - a)(y - <») cob^ ; 

.-. a"(l - 2 co8-4)-2a(/8 + y)(l -co8-4) 

+ jS* + y' - 2jSy cos -4 = ; 
therefore a is known. 

>. ., . B sin-4 + sin^ 

y sin ^ + sin 67 

^ 2 Sin ^ + 2 COS -r • COS — ;; — 

. ^ + y 2 2 

• /3-y" „ . ^-C7 3 

'^ ' 2 sin — - — COS — 

2 2 

2 sin — + COS 

2 2 



Bin — r — 



an equation of the form 



I sin — - — + m COS — - — « n. 

Hence ^ - C is given. 

8*. Given -4, A, (3 - c\ solve the triangle. 

h h 



sin C? sin i^ ' 

i~g sin^-sinC 4sin^(.g-(7)cosi(J?-f C) 
•'• "F'^sin^.sinC ^^^- C7) - cos (^ + C) ' 

i-<? 2 8inj^(J9- C)BiniA 
h '^coB^iA-Bm^iB-Cy 

Hence {B - C) is known. 



Topographic Applications. 
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Solve the triangles from the following data : — 



1. Given a^ h^h — e. 



13. Given a, A^ r. 



2. 


>i 


A,B,a + b. 




14. 


») 


a, A, t^. 


3. 


>> 


A, Bft - a. 




15. 


>y 


a,b + e, r. 


4. 


»i 


A, a + b, a — e. 




16. 


9i 


8, r, Ai 


6. 
6. 
7. 


it 
J* 


a, b, jS. 

iB (bisector of -4), 
m (median), ^, 


5. 


17. 

18. 
19. 
20. 


i> 

tt 
tt 


jB, r, A, 

tty Wl, JB — C, 

t, Jtf A. 

a, A,b-c-\-h. 


8. 


>» 


a, r, J2. 




21. 


)) 


t, S, A. 


9. 


>> 






22. 


tt 


CyA-B^alb, 






3 




23. 


tt 


etSfixn^AtBLniB, 


10. 


>9 


», -*. J- 




24. 


tt 


a,8,{B-Cf), 


11. 


tt 


a, A, be. 




25. 


tt 


A, fi, m. 


12. 


» 


h, A', h" (3 altitudes). 


26. 


tt 


r fT ,r . 



Section IV. — Topooeaphio Applications. 

186. Tojind the height of an inaccessible ohject on a horizontal 
plane. 

Let CD be the object ; A, B, two points in the plane acces- 






B A 

sible to each other, and from each of wbicb the summit of the 
object can be observed. 
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P. Suppose the points A^ By D to he collinear, and let the 
angles of elevation DAC, BBC be denoted by a, )9; then in 
the triangle ABC the angle A CB ~a- p. 

Hence AC : AB : : sin^^ : sina-)^; 

But from the right-angled triangle ABC we have 

CB 's AC Bma, AB ^ AC coa a. 

TT ^-rx -4-B.sina.siniS /^,o\ 

Hence CB - — -^--^ ^, (418) 

sin (a — p) 

1 x^ -4-B cos a sin -B /^^nx 

and AB^—^j ^^r-. (419) 

sm (a - p) 

2'*. Suppose the points A, B, B not collinear. Let the angle 
of elevation at A be denoted by a, and the angles at A and B 

C 




of the triangle ABB by a', j8, respectively ; then in the triangle 
ABB we have 

AB : ^jB : : sin/8 : sin 2>, or sin (a' + /8). 

„ ^^ ^5sin^ 

Hence AB = - , , , />\ * 

sm (a' + ^) 
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But CB^^ABtma; 

. ^j, ^^ tana, sin ^ 

sin (a' + fi) ^ ' 

137. To find the distance between two inaccessible objects on a 
horizontal plane. 

Let C, D be the objects, AB the base line ; then, measuring 
with a surveying instrument the angles marked a, o'; jS, ^' in 




the diagram, we have, in the triangle ABC, 

BC : AB : : sin a : sin C, or sin (a + j8'). 

-4-Bsina 

Hence BC= --r—, ^rr . 

sin (a + /3') 

In like manner, from the triangle ABB, we have 

AB sin a' 



BD^ 



sin(a' + j8)* 



These equations give us the sides BC^ BB of the triangle BCB^ 
and the contained angle is {fi - )8'). Hence CZ> can be found 
by Case III. of solution of triangle. In order to complete the 
solution, let^C, B denote the angles BCBy BBC. We have 

tani(i>-Cr) = |g^tanKC' + ^); 
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find, since the auxiliaries BC, BD are determined by their 
logarithms, we write 



BC-BD 
BC^BB 



1- 



BB 

BC l-tan<^ 



1 + 



BD ;l + tan<^ 
BC 



tan (46° - 4^). 



The angle ^ is determined by the equation 

. . sina'. Bin(a + i5') 

tan 9 = -: ^ ^— ^, 

sin a . sin (a' + Py 



(421) 



and tan i(2) - C) = tan (45° - ^) tan J( C + .»). (422) 



Lastly, 



sin2> 



(423) 



138. To find the height of an inaccessible ohfect situated above a 
horizontal plane, and its height above the plane. 




Let CB be the object, AB the base line, a' the elevation 
of B from A. Then, from (419), we have 

. J. AB cos a sin fi 
sin (a - P) 



Hence 



j^jp_ ^B cos a sin )3 tan a' 
^^' 8in(a-)S) ' 
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and, from (418), we have 



AJB sin a sin B 



Hence 



i)C7 = 



sin (a - )8) 

AB sin (a - a') sin fi 
cos a' sin (a - )8) 



(424) 



139. To find the distance of an ohfect on a horizontal plane from 
observations made at two points in the same vertical above the plane. 

Let -4, B be the places of observation, C the point observed, 
whose horizontal distance CD and vertical distance AD are 




required. Through A, B draw the horizontal lines Aa^ Bb. 
The angles aAC, bBC are called the angles of depression oi C\. 
let them be denoted by 8, 8'. Now, it is evident that 



Hence 



BD = CD tan 8', -4i> = CD tan 8. 
^^= C7i> (tan 8' -tan 8); 
u^^ cos 8 cos 8' 



and 



CD^ 



AD 



sin (8 -8') ' 

AB sin 8 cos 8' 
sin (8 -8') • 



(425) 



(426) 



The same result may be obtained by conceiving the figure- 
turned round until AB becomes horizontal ; then we have the 
same case as § 136, only that 8, 8' are the complements of a, /3. 
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140. A, Bf C are the angular points of a triangle, the lengths 
of whose sides are known ; B is a point in the plane of the triangle^ 
at which the sides AC^ BC subtend given angles a, p. It is re- 
quired to find the distances AB, BB. 

Tliifl is the problem of Pothbnot, or of Snellius — ^the former French, 
the latter German. 

Let the angles CAB^ CBB be denoted by x, y, respectively ; 
then, since the sum of the angles of the quadrilateral A CBB is 

D 




C 

four right angles, and the sum of the angles ABB, ACB is 
■a + fi + C, the sum of the angles x, y is given. Now, denoting 
the sides of the given triangle by a, by e, we bave, from the 
triangles ABC, BBC, 

^- bsmx asiag^ ^ sin a; <7sina 
sma sinp siny osmp 

Hence, if ^ be an auxiliary angle, such that 

asina 
tan<^ = . . , 
bsmp 

we have 

sina: - sin y tan <^ - 1 

-: 7-^ = -T — T — r = tan (<^ - 45°). 

sm^ + siny tan^+1 

Hence tan i(a? - y) = tan J(a? + y) tan (^ - 45°). (427) 

Hence « - y is determined ; and therefore x and y are found, 
And the question is solved. 



Topographic Applications. 171 

141. To find the radim of an inaccessible tower. 

Draw AC=d, and let the angles BA C, B'A (7, A CB, A CB^ 




be denoted by a, a', y, -/, respectively ; then we have 

-4(7 smj(a+a' + y + y) "^ ^ 

Hence r = '^^_hk<-- o-')f^Hy ^V)^ (428) 

smj(a + a'+y + /) 



EXEBCISES XXXII. 

1. At 360 feet from the foot of a tower the eleyation is half what it lb at 
the distance of 135 feet ; find the elevation. 

2. At two points A, B an object BE in the vertical line CE subtends the 
same angle a. If Jt 67, J (7 be in the same line, and equal to a, h^ respec- 
tively, prove DE =(« + *) tan a. 

3. A spherical balloon, whose diameter is 8, subtends an angle a, when 
the elevation of its centre is iS ; prove height = J 8 sin jS cosec \ a. 

4. Find the angle which a flagstaff 5 yards long, standing on a tower 
200 yards high, subtends in the horizontal plane at a point 1000 feet from 
the foot of the tower. 

5. A line AB subtends a right angle at the foot of a tower, and the 
angles of elevation at A and B are 30" and 18° ; prove height 

- ^^ 

v/2(l + V6) 



172 Resolution of Triangles and Quadrilaterals. 

6. From a Btation A, at the foot of an inclined plane AB, the angle of 
elevation of the summit C of a mountain is 60^ If the inclination of AB 
be 30° and the angle ABC 135°, prove that height of C 

AB (3 + VJ) 
2 

7. If the angles of elevation of a balloon at three coUinear stations A, B, C 
be a, fi, 7, respectively ; and if BC, CA, AB he a, b^e ; prove that alti- 
tude of balloon 



-4: 



abc 



a cof^ a-b cot*/8 + e cot*7 

8. The heights of two poles are a, 6, respectively, and their distance 
asunder is a. If J? be a point at which the poles subtend equal angles, and 
if the line joining E to the foot of the shorter be perpendicular to the line 
between their feet, and at the distance 8 from the remote pole ; prove 

«» - a» b^' 

m 

9. ABC is a triangle, right-angled at 67; if the angles of a steeple at A 
from B and C be 46% 15** respectively ; prove 

tani3 = 2{3i-3i}. 

10. The angles of elevation of an object at three horizontal stations 
A, B, C, lying in a vertical plane passing through it, areas 1 : 2 : 3; if 
AB = a, BC = bf prove that altitude 

= ^{(« + i)(3» -«)}*. 

11. Two stations due south of a tower, which leans towards the north 
with an inclination 0, are at distances a, b, respectively, from its foot ; 
if a, iS be the elevations at the stations, prove 

b (cot ^ - cot o) = a (cot - cot /3). 

12. If the angle of elevation of a cloud from a point A feet above a lake 
be a, and the depression of its reflexion in the lake fi, prove that its height 

sin {$ + a) 
sin (jS - o)' 

13. Two stations a feet asunder are in the same line with the foot of a 
steeple, and the angles of elevation are complements ; from a third station 
b feet nearer still the angle of elevation is double that at the first ; prove 
altitude 
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14. From a point (7 in a road two objects subtend the maximum angle, 
-winch, is <pf and from a point D they appear in a right line, making an angle 
$ with the road ; prove distance between them \&2CD tan } (0 + ^). 

15. The elevation of a balloon was observed to be 30**, and its bearing 
NE. From a second station one mile due south of the former the bearing 
was NhE\ find its height. 

16. The bearings of two objects A, B in the same longitude from a ship 
at i> are NNE and NEbE; the distance AD is 10,000 metres ; find BJ). 

17. The elevation of a tower due iV of a station at ^ is a, and at a station 
B due west of ^ is /3 ; prove altitude 

AB sin a sin /3 



V^sin'o— sin'iS 

18. The shadows of two walls whose heights are h, h' are, when the sun 
is on the meridian, b, b' feet broad ; if the walls be at right angles to each 
other, find the sun's altitude, and their inclinations to the meridian. 

19. Two objects A^ B were observed from a ship at the same instant to be 
in a line, bearing NIS" E; the ship then sailed three miles IfW, when it 
was found that A bore E and B NE\ find the distance AB. 

20. Two ships are sailing uniformly with velocities m, v along lines 
inclined at an angle a ; given a, b, their distances at the same moment from 
the point of intersection of the lines, find their least distance asunder. 

21. Given the distances between three stations A, B, C in. a straight 

line with a tower standing on a horizontal plane, and that its elevations at 

these points are $, 90° - 0, and 29, respectively. If AB = a, BC s b, 

prove that 

a 

cos 2$ s: r-; rr. 

2{a-\-b) 
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Section Y. — Miscellaneous Pkopositions. 

142. Properties of Medians. 

Let the median -4Jf be denoted by w, and the others by w', 
m". Let the angles which m makes with A (7, AB be /9, y. 

A 




A 
Produce AM until MA' = AM, Draw MN parallel to AB, 
Join BK, cutting AMm O, Join CG. 

P. "We have, in the triangle AA'C, 

4m» = J2 + (J» +123<? cos A. (429) 

siny J sin^ siny + sinjS sin^+sinC 

sinjS c sin C" '* siny-sin^ sinj8-sinC* 

Hence tan J (y - ^8) = tan'J-^ • tan J (J9 - C). 133J K430) 

3^ V = ^if» + if C2 + 2 AM, MC cos ^ifff, 

c* = ^JP + JO» - 'lAM. MB cos AMB; 

.-. *«-£« = 4u4 if . if 67 cos ^ifB = 2am cos (a w). (431) 

4°. If ^ denote the perpendicular on BC, we have 
J?if=A(cot^ + cotif), and ifC= A(cot C- cotif); 

.•. cot B + cot if = cot C - cot if; 
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5**. MN"being the median of the triangle MAC, we have 
cotiCV^C = cot-4 = i(cot jS - cot C) ; 
/. cot j8 = 2 cot^ + cot C, 
Similarly, cot y = 2 cot A + cot -5. (433) 

6*^. Applying this to the triangle £GC, we have 
coiBOM^ 2 cot £GC+ cot G£C^ 2 cot £0C+ 2 cot^ + cot C. 

Hence - cot (m, m') = 2 cot (mf, m") + 2 cot -5 + cot C 

- cot {m\ m") = 2 cot (w", w) + 2 cot C + cot A 

- cot (w", w) = 2 cot (»», w') + 2 cot -4 + cot B. 
Hence - cot (w, m') = i (2 cot ^ + 2 cot -5 - cot (7). (434) 

143. Bisectors of Angles. 

Let AD he the internal, Aiy the external bisector of A. 




We have 



8 = ABB + u4i)C7; 

-4 ^ 

.*. J J<? sin -4 = J (?^ sin — • + i J)5 sin --. 



Hence 



Similarly, 
"We have also 



i8 = 



^- 



2 3<? cos — 
2 

2 itf sin — 
2 



(435) 



A-iSsin^i)^ = /8cosJ(^-.67)-)8'sinJ(j5-C). (436) 



176 Resolution of Triangka and Quadrilaterak. 

144. Conourrent Lines. 

1*^. U lines drawn from a point Mto the summits of a triangle 




divide its angles into parts a, a'; ^, )3'; y, y', respectively, 

sin a sin j9 sin y = sin a' sin j3' sin y'. (437) 

And, reciprocally, if this relation holds, the lines are concurrent. 
This follows from the proposition that the sides of a triangle are 
proportional to the sines of their opposite angles. 

2®. If in equation (437) the angles a, j8, y be equal ; then, 
denoting each of them by <i), we get 

sin'o) = sin {A - cd) sin {B -co) sin ( C - w). (438) 

The angle co is called the Brocard angle of the triangle. By 
expanding the second side, and dividing by sin'o) sin ^ sin ^ sin C7, 
we get 

cot^o) - cot^o) 5 «ot -4 + cot 0) S cot -4 cot B 

- (cot A cot B cot C+ cosec A cosec B cosec C) = ; 
but S cot A cot j5 = 1, 

and cot A cot jB cot C-i- cosec A cosec ^ cosec C a 2 cot A. 
Hence cot'© + cot © = (1 + cot'o)) :S cot ^ ; 

.-. cot 0) = S cot -4 = cot -4 + cot j5 + cot (7. (439) 
Hence 1 + cot'o) = cot'-4 + cot*-ff + cot* C + 3, 

or sec'o) ■= sec'^ + sec'^ + sec' C. (440) 



Miscellaneous Propositions. 177 

3^. Three triangles directly similar are constructed on the sides 
of the triangles^ viz, BCA\ CAB\ ABC; it is required to find 
the condition that AA\ BB\ CC are concurrent. 




From A' let fall the perpendiculars A'F, A^Q, and let the 
angles of the triangle BCA* be X, /i, v, respectively, and the 
angles into which AA* divides A be a, o! ; then we have 

sin g A'Q A'C sin (C - /x) 
sin a' " 3^ " A'B sin \b - \) 

sin \ sin ( C - ft) sin C7(cot ft - cot (7) 
sin ft sin (^ - A) sin B (cot X - cot -S)' 

Hence, from (437), the condition of concurrence is 

(cot X - cot -4)(cot X - cot i?)(cot X - cot C) 

= (cot ft - cot-4)(cotft - cot-S)(cotft - cot (7), 

or (cot'X - cot' ft) - (cot'X - cot'ft) S cot -4 

+ (cot X - cot ft) S cot -4 cot -5 = 0. 

Hence cot X - cot ft s 0, 

or cot'X + cot X cot ft + cot' ft - (cot X + cot ft) cot « + 1 = 0, 

CD being the Brocard angle (2°.) 

We have also 

cot X cot ft + cot ft cot V + cot V cot X - 1 = 0. 

Hence, by addition to the preceding, we get 

cot X + cot ft + cot V = cot 0). (Nbubeeo.) (441) 
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145. Malfatti'8 Problem. 

To inscrihe in a triangle three circles in mutual contact^ and 
each touching two sides of the triangle. 




Let the lines ASf BF, CQ be denoted by a?, y, z ; then we 
have 



a = ^P+Q(7+PQ = y + 2 + 2^/yztan---tan---. 



■ 



B , C s -a , a 

tan —- tan — = = 1 — ; 

2 2 8 « ' 



Now 

and putting 

ajs = sin* a, xjs = cos' A, yja = cos*/a, zjs = cos'v, 
we have sin* a = cos* ft + cos*v + 2 cos /i cos v cos a ; 

.". ft + V + a = TT. 

Similarly, putt js = sin*^, cje = sin*y, 

we get V + X + /8 = TT, and X + ft + y = tt. 

Hence, putting a + )8 + y = 2<r, 



we have 



X + o- - a = - ; 
/. cos X = sin (cr - a) ; 



therefore 

x^s sin*(<r - a), y = « sin*(<r - jS), % = s sin*(<r - y). 
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This elegant solution is due to Lechmiitz, Nouv Annales, torn. y. 
p. 61. Por a purely Geometrical solution, see *^ Sequel to 
EucHd," p. 164. 

146. To find the Sadii of Ualfatti's Circles. 

If we denote the radii by pi, p2, pa, respectively, the equation 
JBP + FQ + QC= a may be written 

/jjcot J-S + 2^/^2/38 + p3 cotj C = r (cot J^ + cot JC7); 
or putting pi = rar, pa = ry, pa = r%, 

we get 

ycot J-5 + 2 v^ya + 2Cot JC7= cos J -4/(sin J^ -5 sin J C), 

Similarly, 
8 cot J C + 2 v/ssa? + X cot iA = cos J-5/(sin J C sin J ^). (1) 

Hence, eliminating the absolute term, we get 

y cos^^^ sin ^ (7 + 2 sin ^ ^ cos ^ j9 sin j^ (7 \/ys 

+ 8C0S j^ C(8in Jj^cos J^ - smiA cos^^) 

= 2 sin iA cos ^A sin J C y^ + x cos' iA aniC; 
but 

cos J C7(8ini--5cosi-5-sinl-4 cosJ^)=sinJ(7(8in'J5-sin'JJ[). 
Hence, by an easy reduction, 

-v/y cos iJB + y^ siJi i-5 = \/x cos J-4 + v/2 sin iA. 
Similarly, 

-y/a cos J C + \/x sin J C = y^y cos J j5 + v/i sin iB ; 
•*• V^* (cos J C7 + sin i^ ^ - sin J^) 

= y^a?(cos J-4 + sin J-Jff- sin J(7); (2) 
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i " 1 + tan i C ' 



and from (1) we have 

« cot i C + 2 y/zx + a: cos i -4 = cot i C + cot i-4. 
Hence, eliminating s, we get 

a? or ^- i(l+tani^)(l+taniC)/(l+tani-4); 
r 

••• pi =^ (l+tanJ^)(l + taniC)/(l+tanJ^). (442) 

Cor.— pip3^ = ^(l + tani.4)(l+tanj^)(l+tanja). (443) 

This solution, slightly altered, is taken from Hyhkbs' IHifo- 
nametrt/ (4th ed.), 1858. A method nearly identical is given 
by Cataxak in the Bulletin of the Acad. RoyaU Belgique, 1874. 

147. MaTJTnnm and Minimum in Trigonometry. 

1^. To divide an angle a not greater than v into positive parts, 
so that the product of their sines may he a maximum. 

If X, y be the parts, the conditions of the problem give us 
X + y = a, and 2 sin ^ sin y a maximum. 
Hence cos {x- y) - cos {x + y) is a maximum ; 

or cos ix - y) - cos a is a maximum. 

Hence x = y. 

Cor. — If 0? + y + 2 B a, and sin 4? sin y sin «, a maximum, 
4f = y = «. 

For if :r be unequal to y, leaving s unaltered, we can replace 
fiin a? sin y by sin i (a? + y) sin i (a? + y), and we get a greater 
product. 
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Example. — The maximum triangle inscribed in a giyen circle 
is equilateral. 

For iS = 2iPsin ^ sin 5 sin C, A + JB+C'^ir. 

Hence A = B= C. 

2^. Divide a given angle not greater than it into two parts, the 
sum of whose sines is a maximum. 

Here x + g = a, and sin a? + sin y a maximum. 

Hence 2 sin i a cos 1 (^ - g) is a maximum ; 

y. a? = y. 

Cor. — If a? + y + « = a, and sin a? + sin y + sin % a maximum, 

4? = y = «. 

'It 
3*^. Divide a givers angle not greater than - into two parts, the 

product of whose tangents is a maximum. The parts must be 
equal. 

Cor.—li 4? + y + 8 = a, and tana? tany tan« a maximum, 
x-g = %. 

Afpucahon. — Construct a maximum triangle with a given 
perimeter 

S - <'tan —-. tan -- tan -- ; 

.\ A^B^C. 

4°. To find X, so that a sin x + hcosx mag he a maximum. 

asiax + bcosx=a (sin a? + - cos x) 

^ a ' 

= a (sin X + tan ^ cos x), if I la » tan ^ ; 
.*. a sin a? + S cos a: = a sin (a? + </>)/cos </> ; 

.-. a? + ^=-, 
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148. Radii of ineircles and eireumcireles of regular polygons. 
Being given the side of a regular polygon of n sides, it is required 
to find the radii of its eircumcircle and ineircle. 




Let ABy a side of the polygon, be denoted by a. Let be 
ibe common centre of the circles, R, r their radii. Draw OL 
perpendicnlar to AB, then the angle 

AOB^Trjn] 

and from the triangle A OB we have 

AO. Bin AOB = AB ; that is, R sin ir/n - a/2 ; 



.-. 22 = 



2 sin ir/i»* 
Again, 

ABjOB = tan^OD; that is, fl/2r = tan ir/» ; 

.*. r = Jacot^/n, 



(444) 



(445) 



Cor. 1 . — The area of the polygon, being n times the triangle 
AOB, is 



a no* ^v 

= n. -.r = -— cot-. 

2 4 It 



(446) 



Cor, 2 — ^Area 



nR 



sin'- =»r*tan' -• 
2 n n 



(447) 
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Car. 3. — The area of a circle whose radius is r is vr^* C448) 

Per the circle^may be regarded as the limit of a circumscribed 
polygon, when the number of sides increases without limit. 
sNow, when n is indefinitely great, 

tan 'n-jn = tt/w. 

Hence, from Cor. 2, we get area = wr'. 

Cor. 4. — If be the circular measure of the angle of a sector, 
the area ^ ^^^2. (449) 

Cor. 5. — In a unit circle, the lengths of an arc, the circular 
measure of the corresponding angle, and twice the area of the 
sector formed by joining its extremities to the centre, are ex- 
pressed numerically by the same quantity. 

Cor. 6. — The circular functions of an angle may be regarded 
either as functions of the angle of the corresponding arc, or 
twice the corresponding sector. 

EXEECISES.— XXXIII. 

1. Find in functions of the angles of a triangle the ratios of the segments 
in which the altitude AH and the bisector BE of the angle B mutually 
divide each other. 

2. Find in a function of S, A, B, Cthe area of the triangle formed by 
the altitude AH, and the bisectors BE, CFoi the angles B, C. 2\ That 
formed by the bisector AD, and the altitudes BS', OS". 

3. Find the area of the orthocentre triangle. 

4. Find in a function of B, A, B, Cthe distance of the orthocentre from 
the circumcentre. 

5. If m, m' denote the median and the symmedian of the side a of the 
triangle ABC, prove 

m — «»' \b — c/ ' 



184 Resolution of Triangles and Quadrilaterals. 

6. If the ratios which the sides of a triangle bear to the correspondixig^ 
altitudes be I, m, ti, prove that 

7. The area of a regular polygon of 2n sides inscribed in a circle is a 
mean proportional between the areas of the inpolygon and circumpol jgon 
of ft sides. 

8. The area of a regular circumpolygon of 2n sides is a harmonic mean 
between the area of a regular circumpolygon of n sides and that of an 
inpolygon of 2n sides. 

9. The radii of the circles each touching the sides b, e of the triargle 
ABCf and each touching the incircle, are 

r tan* J (jB + (7), and r cot* J (5 + C^ . (46C) 

10. The radii of the circles touching the sides b, e of the triangle A3C, 
and each touching the circumcirde, are 

rsec'J-4, and r'sec*J-4. (451) 

11. Proye that the angles of intersection of the nine-points circle with 
the sides of the triangle are — 

i{B-C), J(C- A), i(A- B), respectively. 

12. The incircle of a triangle touches the sides in D, JE, F, and the feet 
of the altitudes are D\ E\ F' ; prove 

jDD' sin^ + EE sin5 4- FF* sin (7= 0. 

13. Find the relation between the radii of the incircles of the four tri- 
angles ABC, EAF, FBB, LGE. 

14. The altitudes oi ABC me^i the circumcircle in ^', B\ C; find the 
area of the hexagon comprised between the sides of the triangles ABC, 
A'B*C\ 

15. If A' be the point on the circumcircle of the triangle ABC which is 
diametrically opposite to A, and if the tangent in A' meet the side AB 
in A", and AC in A"\ find the areas of the triangles A"B"C\ A!"B!"C'"- 

16. Through a point of intersection of two circles draw a line cutting both 
circles, so that the sum of the chords or their rectangle may be a maximum. 

17. Inscribe the maximum rectangle in a sector of a (^cle. 

18. If a; + ^ be constant, find the maximum value 9f sin* a; + sin'y. 
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19. Being given two rectangular lines OX, OTf and two fixed points 
utf, A' in OX, find a point If in OY so that the angle AMA' is a 

20. Find the mazinmm value of a' tan jp + ^^ cot ^. 

21. Find the maximum value of sin a: + sin y, cos^r + cosy being con- 
stant 

22. The area of the incircle of a triangle : area of triangle : : x : 
cot}^ cot} J? cot} (7. 

23. Calculate the distance between the incentre and the centre of the 
nine-points circle. 

24. If />i, p2, p3 be the radii of Malfatti's circles, prove that 

VrV + Vr' V" + V/'V *■ »• «* 

25. If />\ r'\ r'" be the radii of three circles, each touching two sides of 
a triangle, and touching its nine-points circle, prove that 

9^ 9^ r_ g^ -I- ^^ + ^ 
y' + r" "*"/"'" (a + * + <?)*• 

26. A, By C, D, £,Faxe the summits of a regular hexagon whose incentre 
is 0. Join AC, cutting 05 in P; PD, cutting OCin Q; QE, cutting OD 
in M, &c. Prove that OP, OQ, OR, OS, &c., are proportional to the recip* 
rocals of the natural numbers It 2, 3, 4, &c. 



Section YI. — Quadeilatebals. 

149. To find, the area of a cyclic quadrilateral in terms of its 
sides. 

Let ABCD be the quadrilateral, and let the sides and diago- 




186 Resolution of Triangles and Quadrilaterals. 



nals be denoted as in the diagram. Then, eince the angles 
£, D are supplemental, we have 

82 = a» + 3' - 2ah cos B = c^ + d^ + 2ca cos 2). 



Hence 



COB J!? 



2 {ab + cd) ' 



Now, putting « for the semiperimeter of the quadrilateral, 
these equations give 



■-^"-^'^S^- -^^-.FM?- 



sin 



Hence sin 5 = 2 v^(« -«)(«-/)(«-'') («-<<). 

ah-\-cd 

But, if ^ denote the area. 
Hence 



iSf = A/(«-a)(*-i)(«-c)(»-rf). (452) 

Cor, — If we substitute the value of cos B in the equation 

S«=a? + A»-2aicosj5, 



we get 



Similarly, 



^ _ (fl<? + hd) {ad + he) 
ab + cd 

g, J _ (ae ■{■ bd) {ab -\- ed) 
ad -{■ be 



(453) 



(454) 



150. Quadrilateral Birectangular* 

B 




* This quadrilateral occurs frequently. Legendre discussed it in the early 
editions of his Geometry. 



I 
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Let OACB he a quadrilateral^ in which are given the angle 
A OB = 0), the side OA = a, OB = J, and the angles A, B right. 
It is required to calculate the remaining sides and diagonals. 

P. AB^ = a* + J» - 2ah cos co. (455) 



2*. 0C = AB cosec co = v^(<»' + 3' - 2^5 cos w) cosec©. (456) 

For OC is the diameter of the circumcircle of the triangle 
A OB. 

3^ 0A= OB(iOB(o + BCBm<o; 

therefore BC=^{a- bcoa (D)/8in <o. (^^7) 

4". Similarly, CA = (5 - a cos <i))/siii co. (458) 

161. Qnadrilateral Circumscribed. 

In order that a quadrilateral formed with four lines a, h, e, d 
may be ciroumscriptible, it is necessary that 

a + c = h + d. 
It suffices then to know the four segments AI^ IB, OK, KB. 




Denoting them by a, j8, y, 8, we have 

A r Br C r L 

tan-— = -, tan— =-=, taii-- = -, tan — 

2 a' 2 iS' 2 y' 2 



r 



but 



A^B-\rC^D 



IT. 
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Hence tan (^ + ^ + C + D)I2 

2 tan — - 2 tan — tan -- tan — 
2 2 2 2 

^ ^ A 'S 1 ]^ d 1) 

1 - S tan --- tan — + tan — . tan — . tan -- . tan — 

2 « i Ji ^ Jt 



= 0. 



Hence 



a apy 



r» = 



gjgy + afiS + ayS + jSyS 
oTJS + y + 8 



(459) 



/8 = r(a + ^ + y+8) = v/(a + jS + y + 8)(a)8y + a)88 + ay8 + jSy8). 

(460) 

152. Any Qnadrilateral. 

{a, a!\ {Jbf h'), {e, (/) are the pairs of opposite sides and the 
diagonals ; Ai, A{^ J9i, Bx^^ Ciy C^^ the middle points of these 




lines ; and let the medians AxA^, BxBi\ Cx €( be denoted by 
a, ^, y. 
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l\ The three paxallelograms-ii^i^/^/, Bi C^B^ (7/, CiA^d'Ax' 
give the following relations : — . 

<j»+c^ = 2(a« + i8»), <»«+«'' = 2 ()S* + /), i»+*'^ = 2(/ + a«). (461) 

Hence 

a* + a'* - J2 _ j/2,, 2(j8» - a'^), ^»+ 5'»- c« -(?'»= 2 (/- /3^), 

^ + </2 - a» - flf'» - 2(a« - /). (462) 

From (462), we infer also 

a« + a'» + J« + *'» + (J» + c^= 4(a» + )8» + /); 
therefore 

4a»=5»+^'»+ <?* + </»-»* -a'', 4)3*= c» + (/» + «*+ a''- i*-^", 

4/=a2+a''+52+5'»-<^-</». (463) 

2*. If we apply the relation (§142, 3*») to the triangle -4i0^i, 

we get ^ A 

a?- P^^ cd cos (<?, c'\ )8* - 7* = <w»' cos (a, a'), 

7* - a'^ = W cos (^ A')- (464) 

Hence ad cos (a, «') + hV cos (J, y) + cd cos ((?, c') = 0. (465) 
From (463) and (465), we get 

a» + «^ - 5« - i'2 = - ^cd cos (<?, (?'). (466) 

3". We have iS = J tfc' sin (^, d\ 

Hence 4;S = (J» + i'* - a» - a") tan (<?, c'). (467) 

From S ^\ed ^va. (tf, c'), we have the formula of Breit- 
schneider and Dostor, viz., 



/S= i {(?*c'«(l - cos»(<?c'))}* = i-/4<j»c'»-(a» + a'*-i»-i'»)^ 

(468) 

Cor, 1. — ^If the quadrilateral be cyclic, we have od = ad-\-bVf 
and the formula (469) becomes identical with (458). 
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Car. 2. — If the quadrilateral be circumscriptible, we have 
a + a' = 3 + 5', and the fornmla (468) becomes 

i^/{c(/ + bb' - aa'){c(/ + aa' - hV). (469) 

Car. 3. — The area of any quadrilateral can be expressed in 
terms of the sides and a pair of opposite angles. Thus, employ- 
ing the notation of § 149, we have 

8 = i {ad sin -4 + J<? sin C) ; 

but cos A = -— ; , cos C = -i . 

2ad ' 2bo 

Hence 2ad cos A - 2bc cos (7 = a* + i?" - 5» - (j* ; 

.-. (a + dy - (J - oy = 4ad cos» iA + 4be sin* i C, 

and (3 + cy - (a - dy = iad sin*i ^ + 4J(? cos» i C. 
Hence, multiplying and reducing, we get 

(«_a)(<-J)(« -<?)(«-(?) 
= i {odsixiA + bo sin Cy + abcdcoa^i{A + 0); 
.-. 8^ =(8- a){8 - 5)(« - c){s - (?) - aJe?<? cosH (-4 + C). 

Car. 4. — If the four sides of a quadrilateral be given, it is 
a maximum when it is cyclic. 

153. Four points -4, JB, C, D are the vertices of three quadri- 
laterals, viz., ABCBy ADJBC, ACBD. The expressions got 

D 




A ^ B M 

for the area of ABCD have analogues for the areas of the 
others. Thus, consider the quadrilateral -4i)J9C The area of 
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this is by the usual convention = ^lABB - ^ACB 
= ia (diff . of perpendiculars from J) and C on a) 
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= i aa' sin (aa') = i ^yWa"" = (3^ + i'^ - c» - <P^)^. (470) 

If the quadrilateral be cyclic, aa* = cd - IV^ and we get 
b^ABB -b^ACB^ area ABBC 

(471) 

164. iy « qtcadrilateral he imcriptibh and circumseriptihUf it 
%s required to express the distance between the centres of the circles 
in terms of their radii. 




Let AB CD be the quadrilateral, I the incentre. Join AI, BIy. 
and produce to meet the circumcircle in E and F, Join EF, 
then jEFis evidently the diameter of the circumcircle. Let O 
be the circumcentre, jR, r the radii ; then we have 

rlAI = sin i -4, rjBI = sin i 2> = cos i-4. 
Hence 1 jAP + 1 jBP = 1 jr^. 

Again, AI.IF =^ B^^Z^ =BI.IF. 

Hence lE"^ ■{■ IF" = (i2» - S»)7r» ; 

but ZE^ + /i^ = 20-E'» + 20P = 2^ + 28»; 



1 
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.-. 1/{E + Sy + l/(i2 - 8)» = l/r». (472) 

The foregoing elegant demonstration is due to E. F. Davies, 
JSdueational Times, vol. xxxii, Por a Geometrical proof, see 
** Sequel," p. 109, Prop. xiv. 

EXEECTSES.— XXXIV. 

1. If a, bf Cf d denote the sides of a quadrilateral; prove that 

AAA 
(^3 = a* + ft* + <!* - 2ab cos {ah) - 2bc cos {be) - {lea cos {ea). 

2. If a quadriUteral be both inscriptible and circumscriptible, proye that 
its area is equal to the square root of the product of its sides. 

3. Prove that the sides and diagonals of any quadrilateral (§ 152) are 
connected by the relations 

(474) 

4. In a given quadrilateral ABCD, if £\ D' be the projections of B, D 
on AC, and A\ C the projections of -4, C on BB ; if 9 be the angle between 
the diagonals of ABCD, prove that area A'B'C'D* = ABCD cos*^. 

5. Through a point P at the distance PO — d from the centre of a circle, 
two secants PAB, PLC are drawn, making angles a, $ with PO ; find the 
area of the quadrilateral ABCD as a function of R, d, a, jB. 

6. a, b, e, d axe the sides of a cyclic quadrilateral ; calculate the angle of 
intersection of the opposite sides a, e. 

7. In the same case, find the area of the quadrilateral whose summits are 
the incentres of the triangles Jt^ 67, ABD, ACD,BCD, and prove that this 
quadrilateral is rectangular. 

8. Through a point P outside a circle draw a secant PAB, such that the 
projections of the chord AB on the diameter may be constant. 

9. Through a point P in the base BC of a triangle draw a secant, cutting 
the other sides in J) and JS, so that the projection on BC = k. 

10. Through a point P draw a secant PAB, so that the tangents through 
A, B will intercept on the diameter through P a segment = k, 

11. If each of the sides of a circumscriptible quadrilateral be given in 
magnitude, and one of them given in position, the locus of the incentre is a 
circle. (Malbt.) 
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♦12. Prove (see fig., § 161), aJ sin* J J? = «i sin* } 2>. 



13. „ 8:=:^abed.ajii{A+ C). 

14. If lines OP, OQ, ORy OS be drawn, meeting the sides a, b, e, d 
in the points P, Q, J2, S, respectively, and making the angles AOF, 
BOQy CORy DOS equal to J C, Ji>, ^A, ^B, respectively; prove that 
each side is divided into segments proportional to its adjacent sides. 
Thus— 

AP: FBwdihy &c. 

15. Prove that the points P, QyR, S 9xe concyclic. 

16. „ OF = Vabedlia + e), 

17. If the lengths of the sides remain constant while the quadrilateral 
alters its shape ; prove, when it becomes inscriptible, that P, Q, R, S will 
be the points of contact of the incircle. 

18. If OP' be the isogonal conjugate of OP with respect to the angle 
A OR; prove that 

Ar^AO'ldy BF^Ca^lh. (Malbt.) 

19. If i? be the circumradius of a cyclic quadrilateral, prove that 

.p_ / (gg-f bd) (ab T^d)~(ad + be) 
""'>/(»-a)(»-*)(«-^)(»-rf)' 



* The theorems 12-17 have been communicated to the author by 
Mr. W. S. M*Kay, F.T.C.D. 



CHAPTER Vn. 



CONTINUATION OF THE THEORY OF CIRCTJLAE FUNCTIONS. 



Secttow I. — Db Moivbe's Theorem. 



156. Every quantity of the form a + W, where i ■= \/- 1, 
denotes the square root of negative unity can he put under the 
form p {cos a + ♦ sin a). 

In fact, it suffices to have p cos a = a, psinaes^; 



whence p = ^/a' + b\ cos a = a/p, sin a = h/p, 

p is called the modulus : we always take it positive ; a + ^i is 
called a complex magnitude, Ilp = l, + ^tisa unimodular 
complex. The equations 

cos a s ajpf sin a a hjpj 

determine an angle ^ uniquely between and 27r;* then 
a = <^ + 2nir is called the argument \ it is determined, ex- 
cept a multiple of 2ir. 

Cor, — In order that two complex magnitudes may he equals it is 
necessary that their moduli he equals and that their arguments 
differ only by a multiple of 2ir. 



* These two equations are necessary in order to determine ^. The 
equation tan ^ "= 7> which is inferred from them, is insufficient. 
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1S6. The prodtiet of several unimodular complexes U an uni- 
modular complex whose argument is equal to the sum of their 
arguments, 

Dem. — Multiplying cos a + t sin a by cos /3 + 1 sin p, we get 
(cos a + « sin a)(cos P + i sin j8) = cos (a + j8) + i sin (a + j8). 
Again, multiylping both sides by cos y + » sin y, we get 
(cos a + » sin a)(cos j8 + » sin j3)(cos y + » sin a) 

= cos (a + j8 + y) + ♦ sin (a + j3 + y), (474) 

and so on for the product of any number of factors. 

Cor, 1, — The quotient of two unimodular complexes is an uni- 
modular complex whose argument is equal to the difference of their 
arguments. 

From the theorem of this section we can get an expression for 
the tangent of the sum of any number of angles. For writing 
it in the form 

C0B{a + P , , , \) + i Bm{a + P , . , X) 

«(co8a cosjS. ..cosX)(l +i tana) (1+* tan j8). . . (1 +f tanX). 

Andy multiplying the factors 

(1 + » tan a), (1 + » tan j8), &c., 

and comparing real and imaginary parts, we get 

cos (a + )8 . . . X) = (cos a . cos j3 . . . cos X) (1 - ^2 + «4 - tfg, &c.), 
sin (a + j8 . . . X) = (cos a . cos )8 ... cos X)(*i - *8 + *6> &c.), 

where s^ «2, s^y &c., denote the sumof tana, tan)9. . .tanX, the 
sum of their combinations 2 by 2, 3 by 3, &c. Hence, by 
division, we get 

tan (a + iS . . . X) = ^^"*^'^*''" . (Compare § 48.) 

1 — ^2 ^" *4 • • • 
02 



196 Continuation of the Theory of Circular Functions. 

167. Ifnhe any nun^er, positive or negative, integral or frae- 
tumal, 

{eos a + i 9in a)* = cosna-\- i sin na. 

V. Let n he positive and integral. 

We have (§ 156), 

(co8a + « sma)(cos^ + f siiij3)...(cosX + f smX) 

« COB (a + )8 . . . X) + ♦ sin (a + )8 . . . X). 

Suppose now that the arguments a, jS, ... X are all equal, and 
there are n factors, we get 

(cos a + t sin a}* = cos na + i sin na. 

2*. Let the exponent he negative and integral. 
We have, by the theory of indices, 

(cos a + ♦ sin a)"* = 7 t—. — rr = r-: by (1") 

^ ' (cos a + » sin o)" cos na + « sin na '' ^ ' • 

cos'na+ sin'na . . 

_ __ cos na - » sm na. 

cos na + « sin na 

Hence (cos a + « sin a)-* = cos (- na) + » sin (- na). 

P 
3®. Let the exponent he fractional, such as-. 

p 
Assume (cos a + « sin a)^ = cos a? + i sin ^ ; 

.*. (cos a + ♦ sin a)' = (cos a? + » sin a?)*, 

cos^a + i sin^a = cos qx + » sin qx ; 

4>a + 2w7r 
.'. qx^pa-V 2Mr, x ^"^ ; 

/ . • • \f (i?a+2nfl-) . . («a + 2«ir) 
.*. (cos o + » sin a)« as cos ^^ •^+ % sin ^ \ 
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If we take n = 0, we have 

. . N- pa , . pa 

(cos a + ♦ sin a)« = cos — + » Bin — r 

We thus have one of the values of 

(cos a + f sin a)< ; 
but it has q values, as we shaU see further on. 
Hence, in general, 

(cos a + » sin a)" = c6s na + f sin na, (476) 

In like manner, 

(cos a - » sin a)* = cos na - % sin na, (476) 

The result just proved (475), (476) is called DeMoivres 
Theorem, and is a fundamental one in Analytical Mathe- 
matics. 

Cor» — If n be any positive integer — 

(1) cos 9ia = cos* a '-— — cos'^'a sin* a 

f>.f>— 1 . W— 2 . f* .3 ^A • A A 

+ 7— A C08*^a sm*a - ac. 

L± 

(477) 

At Aft —. ■ A9 ^.^ S V 

(2) sin na s n cos"-*o sin a '- — p— -^ cos"^a sin'a + &c. 

(478) 

Expand the left-hand member of (475), and equate real and 
imaginary parts. 

Or thus : — ^Multiply (477) by cos o, and (478) by sin a, and 
subtract. Again, multiply (477) by sin a, and (478) by cos a, 
and add. We thus get corresponding identities for 

cos (n + 1) a, sin (n + 1) a. 

And, since the equations are true for n » 1, they are true for 
n » 2, 3, &c. Hence they are universally true. 
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108. Development of sin x, cos x, 

cos - + ♦ sin - ) ; 

whence, developing the second side, and equating real and 
imaginary parts, we get 

... , n.«-l^ ^x n.«-l.n-2.»-3, ^x 
coBx ooiTxn = 1 - — 7-s — tan' - + nj tan*- 

Lf. ^ Li- » 

— &c., 

sin X coB'^x n = n tan r-= tan' - + &c. 

» [3^ n 

Denoting these results by- 
cos xJQOB'^xjn = 1 - tt| + «4 - «e, &c., . . ., 

sin ip/cos**a?/» = Wi - Ws + Wf - &c., . . ., 
the ratio of a term to the preceding one is of the form 



jp.^ + 1 n 



^ \ " ^ Jv ""^/ ^ / tan a?/n Y 
p.p + I \ xjn J * 



If ^ he sufficiently great, this ratio will be less than 1, for 



('-'-^)('-^)<4 



and pis -^l) can be made greater than 



^/'tan^Y 
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Hence we infer 

cos a:/cos"a?/« >l-«2 + «4-«e... + W4g- w^^^,, 

and < 1 - Wa + W4 - «6 • • • + ^48 ; 

but (Exercises xv., 10), limit of cos** - is 1.* And we Lave 
«(n-l)...n-2» + l^ ^x 

If ow, if n increase indefinitely, tlie limit of 

. x^ 



tflplS 



Hence, cos a? > 1 - .— + ri • • • "" 



[2 [4 1 4^ + 2 



< 1 - r;; + 7-: . . . + 



L? LI" L!2' 



• Or<A«#;— 






Hence, by addition, 

1 - COS" - < n . ;r-r, that ig < — ; 

therefore cos** - < 1 and > 1 - —• 

II 2ii 

Hence the limit is 1. 



200 Continuation of the Theory of Circular Functions. 
and, making q increase without limit, we get 

Sf^ St^ St^ 

C08a:=l-— +— -r- + &c., to infinity. (479) 

Similarly, 

Binx^x — Q+T" ^^'f ^ infinity. (480) 

li Li 

These expressions are due to Newtoit. See WiLUAicsoir's 
J}iffer&ntial CaUulua^ p. 66. 

159. The series 

is conyergent for all real values of x^ and represents ^ (§ 81). 
It is also convergent for imaginary values of x of the form 

a-\-ih-p (cos tf + i sin tf ) ; 
for, by substitution, the series takes the form 

l+p(cose + »sine) + ;^(co82tf+tsin2tf)+.-^(cos3e + »sin3tf) 

Lf. Li 

+ &c. 
But this is the sum of the two series 

1 + p cos ^ + —■ cos 2d + ^ cos 8tf, &c., 

1 + p sind + J- sin 25+ -^ sinStf, &c., 

which are each convergent, because their terms are less in abso- 
lute value than those of the convergent series 

1 + P + TTT + rV + *c. 



Li Li 
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Dbp. — The series 

X + yi {x + y%)^ {x + y%f 



1+ 1 L2 

is what is understood by « (•+»^>. 



L! 



+ &C. 



160. Enler's Theorem. 

costf + « sm0 = «^. 



(481) 



For, substituting for cos tf, sin 6, their expansions (479), (480), 
we get what by definition is denoted by the second side. 

161. Theorem. 

For all valttes of x and y, real^ imafftnary, or complex — 

t^.e^=eF*v. (482) 



Dem. — 



^=1+T+j5+^+&c., (§§81andl69) 

«» = 1 + - + — + — + &c. 
1 [2 L3 



Hence, multiplying. 



^.*«'=1 + J 


x' 


*'t 


X y 




[2 



+ i^ + &c. 



-1 + -^— + j^2 + 1^ +«c.-<r . 
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162. Dbp. — If d**'" he equal ^ a + f j8, a? + «y w called the 
Napierian logarithm of a^ pi. 

From the equation e^**^ = a + ifi we have (§161) 

^.e^^a-^ip; 

or, putting a + »)8 (§ 155) = p(co8 tf + f sin 6), 

^•(cosy + i siny) = p(costf + f sin^). 

Hence «• = p, and x = log p (real logarithm), y = tf + 2nir ; 

therefore a? + ty = log p + (tf + 2mr)i, 

or log (a + iP) = log p + (^ + 2n7r)f . (483) 

Sisnee an imaginary quantity has an infinite number of loga- 
rithms. 

163. The Binomial Theorem. 

If nle any quantity^ whole or fractional^ positive or negative, 
and X any quantity ^ real or complex^ whose modultcs is < 1, then 

, »»(»-l) . n.n-l.n-2 , ^ „ v. ,^«^v 

Li Li 

Dem. — K 0? be real, the series on the right is convergent ; for 
the ratio of the {p + 1)** term to the p^ term is 



(^-.>. 



which, when p is large, differs very little from x ; then it is less 
than a fixed quantity a < 1. Hence (§ 77), the series is con- 
vergent. If « be complex, and = p(cosa + i sin a), the series 
is composed of two series, viz. — 

, n n(»-l) - ^ n.n-l.n-2- 

' n '■— -[5- ' "" "• * — [5— """' * *"• 

,fn , fi.fi — 1-,._ f>.f> — l.f> — 2_._ a\ 

+ f I -psma+ — p'sm2a+ r- p'sm3a+&c. j, 

\1 1^2 |_8 J 



\ 
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which are convergent, because their terms are respectively less 
than those of the convergent series — 

n n.n-1 . ».w-l.n-2 , 
TP + — 777— P + T^ P' 



I'' ' [2 
l?'ow, put 

j/\ t n.n-1 

^(n) = 1 + no: + — --r — sr + 



n ,n- l.n-2 



[2 li 

and, changing n into ni, we have 



a:»+&c. (1); 



1/ \ 1 **i(^-l) o ni.ni-l.ni-2 . . 
<^(ni)=:l +nia?+ -^^-^j; — ^a^+ —^ ir* + &c. 

Lf. Li 



Hence, by multiplication, 
^(n)^(ni) = l +na? 



n\X 



n.n - 1 « 



[2 



n.n-1. n-2 . 
+ [3 ^ 

+ [2 "^ 

w.n.(n.-l) 

Li 
^ ni.(ni-l)(ni-2) ^. 



Li 



= l+(n + ni)ir + ^^ -^ -x" 



+ &C. 



+&c. 



+ &C. 



+ &C. 



^ (n + ni)(n + ni-l)(n-fni-2) ^^ ^^ 

Li 

Hence, ^ (n) ^ (%) = <^ (n + ni) ; 

and, multiplying this by ^^(na), we get 

<!> (n) ^ (ni) ^ (nj) = <^ (n + ni + nj), 
and, in general, 

<^(n)^(ni)<^(n3) . . . <l>{np^i) = ^(» + ni + n, . . . n,-i). 
In this equation, the quantities n, ni, na, &c., may be whole or 
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fractional, positive or negative. Supposing them all eqnal, we 
get [*(«)?= <^(«P). (1) 

Hence, changing n into ± n/p, we have 

[*(± «/?)?= *(±«) = *(±ir. 
Kow ^(+ 1) = 1 + a?, from (1), 

therefore ^ (± n/p/ = (1 + a?)**/". 

Hence ^ (± «/p) is one of the values of (1 + a?)*"'". And the 
proposition is proved. 

The foregoing proof, taken from Sebbet's Trigovwrnetry^ is, 
with slight modification, the same as that given by Exjleb, 
Tome xix., Nwi Comment, Acad, Fetrop., and which Lacroix 
says — "Tient le premier rang par sa finesse et sa bri^vete." 
For an exhaustive discussion, see Abel's Works, Tome i., 
p. 219. 

Cor. — From the generalised form of the binomial theorem 
given in this section we can prove, as in § 84, that the 
expansion of log«(l + a?), where x denotes any quantity, 
real or complex, whose modulus is < 1, is 

ic* a?* a?* - 

X 1- , &c. 

2 3 4 ' ** • 

164. Gregory's Series. 

From Euler's theorem, § 160, we have 

d* = cos^(l + «tan^). 

Hence, iO = log cos tf + log (1 + * tan 6) 

^ tan»^ tan*fl tan«tf ^ 

= log cos + — -— — + — ac. 

2 4 6 

./ ^ tan^^ tan'fl ^ \ 
+ »l tan^ — + — &c. J; 
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and, comparing real and imaginary parts, we get 

^ tan*tf tan*tf tan*^ 
log COB 6 + —^ — - + —^ &c. = 0, (485) 

^ tan*^ tan*^ 
and e^tmO -— + — &c. (486) 

Since the modulus of x in the expansion of loge(l ± x) must 
be < 1, it follows that tan $ in the expansion of log,(l + * tan B) 
must be between + 1 and - 1 ; and hence, in equations (485), 

IT TT 

(486), B must lie between + - and - -. 

4 4 

In equation (486) put tan B = u, and we get 

tan-^«« = w - — + — - &c., 

o 5 

which is Gregory's series. (487) 

The series (485) may be proved as follows : — 

cos*^(l +tan«^) = l; 
and, taking logarithms, we get the series required. 

165. In Euler's theorem, 

costf + ♦ sintf = e^. 

Change B into - B, and we get 

cos B - i BinB = er^ . 

Hence, taking the sum and difference, we have 

2costf = <r« + <r«. (488) 

2tsintf = <r«-rw. (489) 

166. In Euler's theorem (§ 160), put B = 2nir, and then 
= (2n + l)7r, and we get 

1 = d<(a«tr)^ and - 1 « tf'(«»+i)». 

Hence log. (1) = i{2mr), and log,(-l) = i{2n + l)7r. (490) 

Henoey positive unity and negative unity ha/ve each an infinite 
number of imaginary logarithms. 
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167. The most important application of Gregory's series is to 
find the value of ir. Thus, if in equation (487) we put 

tan'^i* = --, then i* = 1, 

and we get 

«■ , 1 1 1 1 ^ , . 

This series converges too slowly to he used in calculation ; hut 
if in the equation 

tan-^^+tan-^l=^ (§66,Ex.3.) 

we suhstitute, from Gregory's series, for 

tan-^-, tan-^-, 

their values, we get a result called Euler's Series, which is more 
convergent, viz. — 



+ 



l-llij+K^J'K^')-"*"- ^^''^ 



A still more convergent series, called Ma.chin's, is ohtained 
from the equation 

^ - 4 tan-' I - t<m-' -^. (§ 66, Ex. 5.) 

Since *a°" 2I9 = *^" Tq ' ^" h 

Machin's series may be transformed into one depending on 
powers of -^ and ^V> and therefore more easily calcidated. 
Two English computers, Dr. Eutherford and Mr. William 
Shanks, calculated ir to 500 and 707 places of decimals, re- 
spectively. — Proceedings of the Royal Soeiety, vols, xxi., xxii. 



i 
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168. The value of ir may be written in the form of a con- 
tinual fraction. Thus, assume 

4 a+ b-\- e-\- d-\- 

and equate the differences of the successive convergents to 

111 

3, 3, y, «c., 

and we easily get 

IT 1 I 9 25 49 ^ ,^^^, 

T = r- ;r- IT- TT- :r-> &c. (493) 

4 1+2+2+2+2 +' ^ ^ 



EXEECISES. — XXXV. 

1. If 2 cos 9 a a; + -, prove x = 2t sin 6. (494) 

X X 

2. ,, ,, „ 2cosjw0e»«** + — -, and2»8iii«nd = «» . 



(495) 



3. If 2 cos tf = a? + -, and 2 cos A = y + -, prove 

X ^ y 



2 cos {m$ ± np) = ir«y»» t -;j^. (496) 

4. Decompose 1 + c cos into the product of two imaginary factors, 
when <; is < 1. 



h'-r!^] 



6. Prove sin (a; + A) a sin jp + A cos « — — sin a; + j— cos «, &c. 

(497) 

6. Prove the following expression for finding approximately the length 

of an arc of a circle, viz., — - — ; where e^ c' denote respectively the chord 
of half the arc, and of the whole arc. (Hutohens.) 

sin 9 5045 

7. Given —-- = — — - ; prove 9 = 2° nearly. 

V D04o 
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8. Given sin = « sin (a + a) ; prove 



«• . ^ «• 



9 s ft sin a + -T- Bin 2a -f ~ sin 3a + &c. (498) 

Exponential values being used, we get 

#'0 8 : 

l-fM<« ' 

and, taldng logarithms, we get the required result. 

9. Prove 

log.V (l + 2<>co,» + p' ) = , CO. » - €22^ + €^ _ &c.. (499) 

- ^ , psintf . ^ p'8in'29 . p' sin 39 _ .,^^. 

and tan-^ —7 = f» sin « - 2-— — f ^ — &o. (600) 

1 + f> cos e '^ 2 3 ^ ' 

Put l+pcos9 =rcos^ and ^ sin = r sin ^, 

and we get 

r = V'l + 20costf + p», ^ = tan-* -^i?5 — .^ and rei^ = I + pH^. 

Hence, taking] logarithms, and substituting toreM, e'i^^ &c., their values 
from Euler's Theorem, we get the required results. 

10. Prove 

1 /; — ;; :: 5 / * p'cos2a p'cos30 . . 

log.Vl -2pcos« + p» = -(pco8d+ '-—5 — + ?-— T — +&C.), 

{801) 
, prine . . p*8m29 0>ain 39 . „„. 

11. If ft be any positive integer; prove that 

4ft Aft ^^ ■ 

2»"i cos»o = cos ffo + « cofl (» - 2) a + — ^r-r — cos (#• - 4) a + &c., 

(503) 
the number of terms being 

fi ft + 1 

- + 1, or -^, 
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according as n is eyen or odd ; and when n is even, only half the last term 
to be taken. 

Dbm. — Put 2 cos a = a; + - ; 

.-. 2»cos«a = «» + — + «(«»-« + — W ^'!*" (ag^ + — t) + &c., 
and substituting for 

their yalues. 

^ thus : — Multiplying both sides by 2 cos a, and making use of the 

identity 

2 cos na cos a = cos(« + 1) a + cos(» — 1) o, 

we see that if the proposition be true for any assumed yalue, it will be true 
for the next highest ; but it is eyidently true for » = 2. Hence it is true 
for ft = 3, &c. 

12. Proye 2 cos na = (2 cos a)" - fi (2 cos a)»-' + -^5 — (^ ®os «)"^> *c- > 

(504) 

the series on the right to continue so long as the powers of 2 cos a are 
positive. 

Dem. — ^Write down the right-hand side of (299) in the form 

cos a — X I 2a? cos o \ -' 
l + ic» V 1+«W * 

expand, and compare coefficients of s^^ on both sides. 

13. Proye, when n is odd, that 

"-^ «.n-l 

(- 1) * 2»^* sin»a = sin «o - fi sin (fi — 2) o + 72 sin (« - 4) a, &c. (606) 

This may be proyed like Ex. 11, by De Moivre's theorem, or independently. 
Thu» : — Multiply both sides by (- 1)^ sin' a, and use the identity 

2» sin(2in - 1) a sin'a= 2 sin (2m - 1) a - sin(2m + l)a - sin (2m - 3)a, 

and if the proposition be true, &c. 

14. When n is eyen, proye 

n ft.fl — 1 

(- if 2»»-* 8in»a = cos na-n cob(« - 2) o + V^" cos (»-4) a, &c., (606) 

the last term of which is only numerical, and its half to be taken. 

P 
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16. Show that, commencing with the hut tenn in equation (604), we get, 
writing the series backwards, 

cosfia = (- 1) » {1 -72 C06»a+ C08*a-&c.}, 

when ft is even, and (607) 

«>■♦•« / tx^i ^'-1' s . (ft»-P)(n»-3») _ . . 

aB(-l) {cosa r-T — C06'a+^^ p^ ^C08*a-«C.}, 

ft I o 1 6 

when n is odd. (608) 

1 — ft 

16. Giyen tan Z' = ft tan /, and m = - — , prove that 

1+ft 

r = Z-msin2;+}m'8in4;-|mS8in67, &c. (609) 

17. Prove that «* is equal to the continued fraction — 

Tz rf 2^ r; 2^ 6^ 2^ n-' *"• (^"*> 

X X X 2x 2x Zx Zx 

18. „ ,og.(l+,)=--__-__. (611) 

X X* x'^ X* ^ 

19. „ tan«=— — — _, &c. (612) 

20. Transform the identity 

(d?-g)(ar-a) {x''b){X'e) (a?~g)(a;-a) _ , ^ 

{c^a)(e-b)^ (a-b)(a''e)^ (b'-e){b-a) 
into 

rin((>-.)Bm((>-g) ^^ sin((,-3)ain(>-yK ^ 

8in(7-a)8m(7-i3) sm (a -3) sin (0-7) ^ ' 

rin(9-7)sm(9-a) ^^ 
8m(i3-7)8m(3-a) ^ ''^ v ' 

Assume re = cos 29 + 1 sin 29, with coiresponding values for a, d, «, and then 
equate the real and the imaginary parts to zero. 

21. Transform the identity 

(a _ b)[e - d) + (* - c)(a - rf) + (<j - a)(ft - rf) = 
into 

8in(o-i3)8in(7-5)+sin(i3-7)8in(a-8) + 8in(7-a)sin(i8-«) = 0. 
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22. From ; rr-, 77 -yr + 77 ttt 777 3: + &C. = 0, 

prove that 

cos 2a sin 2a 

sin (a -^) sin (0-7) sin (a -8) ' sin (a -jS) sin (a -7) sin (a- 5) ~ 

(614) 

23. If a, $t 7 . . . \ be any number of given angles, and a variable 
angle, prove 

sin(a-iB) sin (i8 - 7) sin (\ - a) 



sin(fl-a)8in(a-/3) Bin(a-i8)sin(a-7) ' ' * sin(e- A)8in{0-a) 

(616) 

24. When n is even, pro^e that 

ft' n' (n' — 2') 

cos «a = 1 - T-T sin'a + — ^— — • sin*a - &c. (616) 

[In (607) change a into - - a.] 

26. When fi is odd, prove 

1 • ^'-1' . 3 . (n»-P)(f>»>3 g) . . . . .^_. 
sin «a = « {sm a r-r— sin'a + ^ ~ • sin*a - &0. 1 (617) 

[In (608) change a into » ' «• ] 

26. When n is even, prove 

«' - 2' («» - 2*) («* - 4«) 
sin «a = » cos a (sin a r-r— sin'a + r\ sin'a - Arc. } (618) 

\1 Lr 

[Differentiate (616).] 

27. When n is odd, prove 

«» - 1« (fi« - 1*) (»' - 32) 
cos na =» cos a { 1 rT— sip'a + ^ sin*o - &c. } (619) 

Li Vl 

[Differentiate (617).] 

28. If T = tan tf, and a» + *' = f>', prove that 



^••costea: 1 + (/>8inO)aj+ (p'sin2a) — + (p38in30) — + &c. (620) 

Lf Lf 

[Substitute its exponential value for cos bx^ and expand.] 

P2 
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29. In any plane triangle, 

S = - sin (7 + -^ sin 2(7+ r-^ sin 3(7, &c. (621) 

a 2a* 3a* 

[Make use of equation (498), and sin J? = - sin (J? + (7).] 

30. In any plane triangle, 

loga - log<? = - cos (7+ —-; C0S2C+ -- C083(7+ &c. (622) 

"a 2a* 3a' 

[Substitute its exponential value for cos (7 in a* + i' — 2ab cos C = «*.] 
31-42. Bernoulli's Numbeks. 

A n p2 i]4 ffi 

31. Given ^ " 2 ^°* 2 " "^^ l^ "*" '^'^ jl "'' "^^ R ^^*' ^**' 
prove tliat 

+ . n . o^ , - .T-i-JTZ— Q + *<5.± — - = 0. (623) 



| 2»+1 ^2 [^2 L^ I 2w-l [4 | 2»-3 -^ [2» 

Multiply equation (a) by sin 0, and we get 

$ 0% 0* a* 

sin d - - (1 + cos ^) = (-5i — + -B2 — + £z —, &c.) sin d. 
2 I 2 14 I o 

In this identity, substitute for sin 6 and cos their Newtonian expansions, 
and equate the coefficients of 0^*^. 

32. In the same case, prove 



[ 2n + 2 [2 |2w + l [^2 [2n [4 | 2f»-2 - [2« [2 

[Make use of the identity 

(0 0\ 

1 - r cot -J (1 - COSO) = 1 - CO80 - - siu^, 

and equate coefficients of e^'**^,"] 

The quantities ^i, ^a, ^3, &c., are called Bernoulli's numbers. They 
occur in several investigations. The proofs in (623), (624) are fit)m 
Sebrbt's Trigonometry^ p. 269. 

33. Prove that ^i = J, ^a = ^, ^3 = J^, Bi = Jjy, B^ = A- (626) 
o. « . Bi0'* Bi0i Bi0^ ^ 



De Moivreh Theorem. 213 

. . 2»(2»-l)^^ 2*(2*-l)^^, 2«(2«-l)„^, ^ 

L? LI \1 

(628) 
In the identity, 

9 B 0^ 9^ 0^ 

l--cot- = -Bi-j^ + 53rj + ^3T-g + &c. (Ex.31.) 

Change $ into 20, and we get 

cot = i - 2«5i^ - 2* J52j^ - 2«-B8 j^, &c. (629) 

Again, change into 20, and multiply by 2, and we get 

2 cot 20 = i - 2*5, ~ - 2»-ffa ;?^ - 2»-B3^, &c. ; 

^ li LI Lr 

but tan = cot - 2 cot 20. 

Hence the proposition is proved. 

37. Prove 1^ = (2» - i) S, »+ ii?izi) i?,e» + "^^^^ Btf + &c. 

<«'+ 1 [4 I o 

(530) 
[Make use of (528).] 

sin . sin 20 2 I 2 14 [6 

" (681) 
r sin 39 ^ . , „« n 

39. „ -L__J !!^L_+_?l^_-&c. 

L^* 1^11} L? L?!lzi LI P^ ~ ^ 

[cos =3 cot sin 0.] 
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.^ ^ 1 2«(2»-l) „ 2*(2*-i) „ . 

(,1).2»»(2»»--1) ^ 
+ i — Bn = 0. (633) 

[sintf stand co8 0.] 

1 2* - 2 22*-2 

41. „ ooMce = - + -— — Bx9 . . . -—— Bn^-^ + &c. (634) 

9 12 I in 

[2 cosec = tan j^ 9 + cot 1 0.] 
2_ 1 2»Ji 2^J2 

^ |2n-2|2 [^ ^*- ^^^^> 

[Use the identity cot cos = cosec 9 - sin 9, and equations (629), (634).} 

sj 43. Vibta's Property op Chords. — IfAB he a diameter of the unit eireUy 
and the are* AFi, PiPj, P2P8, #<?., be all equal ; then, if the chord BFi 

he denoted hf x-V-f BF% will be = x^'\-^ BFz=a^-\^ ^j &c. 




Dbx. — Denote the angle ABVi by B ; then BFi = 2 cos a. 

«. 1 

Hence a?+ - « 2 cosd = tf<0 + #"<0:I .-. ar = *W. 

X '^ 

Again, BF% = 2 cos 29 = *«« + tf-«<0 =«»+_, &o. 
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Section II. — ^Binomial EaxTATioNS. 

169. To Bohe the binomial eqimtion x^ - ± 1. 

l"". Take the positive sign ; and, for greater clearness, let us 
take a numerical example x' ^ I. Kow, putting 

x^cobO + i sin 0, 

we have, by De Moivre's theorem, 

a?' = cos 76 + i sin 70 ; 

.*. cos 7d + f sin 7tf = 1 ; 

and comparing real and imaginary parts, we get cos 7^ s 1 ; 

tm/\ ^\ 1 2 ATT . , 2 ATT "TT- 

.'. 70 = 2A7r, and x = cos -=— + t sin -=- « * ' . 

9 7 7 

The seven values of x are obtained by giving X the values 0, 1, 
2 ... 6, respectively. Thus the 7 roots are 1, a, a', a', a*, a*, a*, 
where «^ 

a a tf T", 

Simce the roots are in OF. It is evident that if we give higher 

values to X, we get the same roots repeated over again. 

If we take the general case «" = 1, the roots are 1, a, a' . . . a*"*, 

where Wr 

a = d " . 

If n be even, say 2m, the root a"* will be real ; its value will 
be e^^; that is, - 1. Senee, when n is even, the equation ^ = 1 
has two real roots, viz. + 1, - 1 ; hut when n is odd, only one 
root is real. 

2"*. Let us take the negative sign. Thus, ^"^ = - 1 ; then, as 
before, we get 

cos 7tf + • sin 70 -"l. 

Hence, evidently, 70 = (2A. + l)7r ; 



1 
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C0B(2X+l)Tr «8iil(2X4-l)ir^ 
7 7 

<(2X-fl)ir 

that is, x = e "* \ 

and giving X the values 0, 1, 2 .... 6, we get for x 

a, a', a*, a', a*, a", a", where a = tf ' . 

Jlencs, in this case aho, the roots are in OP, It is plain that 
a*', a", a* may he written a-\ a"*, a"*. In the general case, the 
roots of «" = - 1 are a, a', a' ... . a*"-^ where 

a = tf » . 

When n is odd, there will he one real root, namely, the middle term 
of the OF, the value of which will be - I. When n is even, all the 
roots are imaginary, 

170. To resolve af^-l into factors when n is odd. 

Let n = 2w + 1 ; then the roots of a?** - 1 = are 1, a, a* .. . a*", 
and one factor is x - 1 ; and taking the 2nd root and the last, 
the corresponding factors are x - a and x - a*" or ;c - a"*, and 
their product is a:*- (a + a"*)a: + 1 ; or, since 

a = tf ♦* , 

the product is ir* - 2 (cos~) x+l. 

Similarly, from the roots a', a*"*-^, we get the quadratic factor 

x^ " 2 (cos*5rj x + l, &c. 



4ir 

x^ " 2 ^cos 
Hence, if » he odd, 



«*-l = (a?-l)(ic'-2cos — .a?+ l)^^^- 2cos — .«+!)... 

n ' n 

(-c» - 2 cos ^^Zlh . ar + 1). (536) 
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Similarly^ we may prove the three following decompositions : — 

!•. When n is odd, 

TT Sir 

ir" + l = (a?+l)(a:'-2cos -.x+ l)(a:'-2cos — a: + 1) . . . 

n n 

n-2 

{x^-2 cos 'TT.x+l). (537) 

2*. When n is even, 

27r 4'ir 

z^-l = (x^- l)(a?» - 2 cos — . a; + l)(ar* - 2 cos — . a; + 1). . . 

n- 2 

(a?' - 2 cos TT . a; + 1 ). (538) 

w 

3*. When n is even, 

IT 37r 

a;* + 1 = (ic* - 2 cos - . a? + 1) (ic* - 2 cos — . a? + 1) . . . 

n ^^ n ' 

(^_ 2 cos ^IzllZ ,x-v\). (539) 

171. To resolve m^^ - 2x^ cos a+ 1 = into quadratic factors. 
The given equation may be written 

that is, 

{a;** - (cos a + * sin a)][x**- (cos a - ♦ sin a) ) =0, 

or {ir* - [cos (2^7r + a) + 1 sin {2hr + a)] } 

X (ir* - [cos (2^7r + a) - » sin (2^7r + a)] } = 0. 

Now each of these factors may be resolved into n simple factors. 
Thus we get, from the first and the second, respectively, the 

factors 

/ 2^7r + a . . 2^7r + a\ 

- cos + ♦ sin , 

V n » / 



X - 1 cos 
and 



2^7r + a . . 2^7r + a^ 

X - 1 cos » sin - 

n 



the product of which is the quadratic factor 



«' - 2 cos .x+l, 

n 
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wbich, by pntting t = 0, 1, 2 ... n - I, respectively, gives all 
the qaadnitic factors of x"- 2 cos a . ai" -t- 1 . Hence 
a*"- 2 co8o.a!"+ 1 

= («■- 2 cos ?.*+!)(*' -2 COB ?^^«+l)... 



:B^^Lz})Z±±.x+l). (540) 



Cor. — In equation (540) change x into - and clear of frac- 
tions, and we get 

**•- 2 COB a a" x" + «*• 



. (:^- 2co. !.ai + »')(»'-2co. ^!^-^.<ir + »'; 


)■■■ 


(.--20.. =("-"'*".„ + .■,. 


(541) 


!. CoteB'g Theorem. 





Let OB h the radius of a circle tehou centre ii 0; A any point 
in OB or in OB produced ; then, if the circumference be divided 
into n equal parts BP^, P,Pi, PjP,, ^c. ; oTtd into 2n equal parts 



BQu QiP„ Pi Q2, ^C; tftf product APi . AP, . AP, . . . n factors 
■ ± ( OA" - OB"), according as A is outside or tTuide tht circle ; 
andAQi.AQt.AQt. . . n/actors- 0A''+ OB: 
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Dem. — Let OA = X, OB = a ; then we have 

27r 
APi^^ OA^- 20A . OPi cos — + «*, &c. ; 

n 

.'. APi\ AP^, AP^ . . . n factors 
= (ic« - 2aa: . cos — + a^Vs^- 2ax cos — + a') . . . = (a?" - a")* 

from (541), hy putting a =• 0. Hence 

APi . ^Pa . AP^ ...» factors = ± («" - a% (542) 
Again, 

^Ci . AP^ .AQ2. AP2 ... 2/1 factors ± (a^-a*"). 

Hence, hy division, 

AQi.AQ^.AQs . . . n factors = a:* + <i" = 0-4"+ OB*. 

(543) 
Cor. — If the arcs BPi, Pi Pa, &c., be trisected in the pointa 
^1, ^1'; ^2, Ta', &c. ; then 

AVi.A V{. AV2.A Fa', &c., to 2n factors 

= 042» + 0-4". 0^ + OB^. (544) 

173. De Hoivre's Property of the Circle. 

Zet he the centre^ P any point in its plane. Divide the eir- 

D 0^ 

B 




eumference into n equal parte AB, BC, CB^ Sfc; then, if the 
angle POA = 6, th^ product AP^. BP\ CP* . . . n factors 

^ OA^-2 OA"" . OP", cos n6 + 0P^\ (545) 
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Dem. — Put OA = a, OF = a:, tf = - , and the theorem follows 
at once from equation (541). 



Exercises.— XXXVI. 

1. Extract the square root of cos 6a + t sin 6a. 

2. „ cube root of i. 

3. Find the three cube roots of 3 + 4t. 

4. If a = —J prove that cos a . cos 2a . cos 3a . . . cos 7a = 2'''. (546) 

2ir 

5. If a = --, prove that 

2 (cos a + cos 2a + cos 4a + cos 8a) and 2 (cos 3a + cos 6a + cos 6a + cos 7a) 

are the roots of the quadratic «* + a; — 4 = 0. (647) 

[Form the sum and the product of 2 (cos a + cos 2a + cos 4a + cos 8a) and 
2 (cos 3a + cos 6a + cos 6a + cos 7a).] 

6. If n be the product of two prime numbers, j?, q, prove that all the roots 
ofa?»-l = will be obtained by multiplying the p roots of «p — 1 = by 
the q roots of a;« — 1 = 0. 

7. Prove that the equation rc^'**^ = 1 can be depressed to the «'* degree, 

and that the roots of the reduced equation are 2 cos a, 2 cos 2a ... 2 cos no, 

where 

2ir 

2#i+ 1 

8. If aiy a% be the roots of the equation (647) ; prove that 

2 (cos a + cos 4a) and 2 (cos 2a + cos 8a) are the roots of «'— ai^ — 1 = 0, 
and (648) 

2 (cos 3a + cos 6a), and 2 (cos 6a + cos 7a) are the roots of d^ — a2a;— 1 « 0. 

(649) 

9. If hiy h2 be the roots of (648), and <ji, <?2 of (649), prove — 

lo. That 2 cos a, 2 cos 4a are the roots of a;^ - 6i« + ^ = 0. (660) 

2o. „ 2 cos 2a, 2 cos 8a „ „ x^~h2X-^ ci = 0. (661) 

3^ ,; 2 cos 3a, 2 cos 6a „ „ x^ - e\x -^ e% rz Q, (662) 

4«. „ 2 cos 6a, 2 cos 7a ,, „ «'- ^35? + *i = 0. (663) 



Decomposition of Circular Functions, 221 

10. Proye the following relations between bifh; ci, e2f viz. — 

*1-1 h-l Ci-'l C2-1 
02 = - — — , ei = 7 — -— •, C2 = -—■, Oi = -— -. ^004) 

11. If a ~ •=-£> ^^^™ ^® quartic whose roots are 2 cos a, 2 cos 2a, 2 cos 4a^ 
2 cos 7a. 



Sectioit III. — Decomposition of Circxti^k ruNcriows. 

174. From the equation (540), we get several important 
results : — 

l*. Put a? = 1, and we get 
2(l-cosa) = 2''f 1 -cos- jf 1-cos jf 1-cos j 



/, 2(»-l)7r+a\ 
... I 1 - cos -^ — y 



In this put a «= 2n0, and extract the square root, and we have 



Binnfl = 2'-'8in^.8inf^ + -y8in[tf+~ysin(^ + — "j 

...ein(e + ^^)Y (555) 
2<». In (555) change into $ + — , and we get 

(556) 
3". In (556) put tf = 0, and we get 

1 o«-i • '»■ . Stt . 57r . ,(2«-l)7r 

1 s 2*-* sm -—- . sin -— . sin 77- . . . srn'-^^^ — - — '—. 
2n 2n 2n * 2n 

(557) 

4''. The last factor in (555) is equal to 



^iz.i): 
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the last but one equal to 

Binf-^-tfj, &c.; 

and if II be even, there is a f abtor equal to cos 0. Hence, for 
n even we have 

sin nd = 2-» sin 20 (sin» - - sin^tf ) (sin* — - sin'tf) 

^ n ^ n ' 

I ... (Bin* {n-^> _ gjj^a^j^ ^55Qj 

/ and if n be odd, 

sin ntf = 2-1 sin tf (sin» ^ - sin* tf) (sin» — - sin»^) 

n n 

...(sin»^^^zi)5_siii»tf). (560) 

5**. In like manner, from (556), we get for n even 

cosntf = 2-i(sin» ^ - sm^OVsm' ^ - sin»^) 
^ 2» ^^ 2« ^ 



. . . (sin»^^^-^i^-8in«tf), (561) 



•and for n odd, 



cos nS = 2*-^ cos ^(sin* sin*^) (sin* sin' tf) 

^ 2n '^ 2» ^ 

(8ina(!?z|)5.8in»tf) (562) 

175. To resohe sin into factors. 

6 6 

In (560) change 6 into -, and divide both sides by sin -. 

n n 



"We get 



an ^ V sin - = 2*-M sin' -^ - sin' - sin' sin' - ] 

n \ n n \ n n) 



...(ein^^^^il^-sm'^). (663) 



Bin 
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NoWy if diminish indefinitely, we get, since the limit of 

sin -r sin - is n, and the number of factors on the right is finite, 
n 

n = 2'^^sin'~.sin»~ . . .sin' ^^''^^^ (564) 
n n 2n ^ ^ 

Hence, from (563), we get for n odd, 

fiin = « Bin - I 1 — . ,^ ' 1(1 — . -, ' I . . . ( 1 — r-Ti tz — tt- I • 

n\ Bin2 2ir/2n/ \ sm^^rftnj \ sm*(»-l)ir/2n/ 

(565) 

In like manner, we get from (559), for n even, 

. . . ei^ sin^e/n \ / sin*^/« \ 

m ^ = n sin- cos - 1 - ■ . .^ ' ... 1 - -^-r-z — -^ — r— ). 
n n\ sm»27r/2»; V sm«(n-2)?r/2»; 

(566) 

The formulae (565), (566) can be transformed by the identity 

/, sin*a\ , /^ tan'a 

into the following. Thus, n odd — 

. . J ^ 61^ taji^ein \ / tan»^/» \ 

sm 6 - cos*- . n tan - 1 - , — ,^ ,^ ... I 1 - - — -; ~ — ; — ). 

n n\ tan*2ir/2»y V tan«(»- l)7r/2»; 

n even — (567) 

sin ^ = cos"- . n tan - 1 - - — ,^ \^ ] ... 1 - - — r-. ' ,^ ). 

n n\ tan'27r/2»; V tan»(»-2)7r/2«; 

(568) 

Similarly, costf may be resolved. Thus, from (561), (562), we 
get, n even — 

""^^ " V «iii»ir/2»/ \ " 8iii23ir/2"« j "y" 8in»(n-l)ir/2nj * 

n odd— (569) 

COS 9 B cos - ( 1 - . - ; - 1(1- \ ,» ,» J . . . ( 1 - -T-TT ' ,^ I . 

n \ am* ir/2«/ \ sin' 3ir/2i»/ \ sin* (#i - 2) ir/2#i / 

(670) 



224 Cmtinuation of the Theory of Circular FUttctton*. 
And, transfonuing, by tlie identity, 



e become, n even— 



00)6 = 00B>- 1 1 - 



tan'O/n \ / tan'e/n 






t odd— (571) 

(672) 

176. Tb retolvi tin 6 into an infinite numter o/faetort, 
Leuma. — ^a, i, he two anglei, lo that o < S < ^, thm 



Tbia is easily proTed. 
Now, ilO < »-, Hince 

COB - < 1, nan -<6, and n tan ~>$, 

MM M 

ire have, from eqtiationB (S6S), (568), by the lemma, 

Now, if COS" bo denoted by (1 - «,), «. vaniaheH when m 
oomea mflnite. Henoe, it follows from the inequalitiea (1), 

"" .....(.-?;)(.-,-s^)(.-^^)...(i-,.). 
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where 17^ < «n« Hence, when n becomes infinite, 

rine = «(l-5)(l-2^)(l-3^)...tomfiiuty. (673) 
Similarly, 

«o« <> = (l - ^) (l - ^) (l - ^) • • • to i^fi^ity- (574) 

177. From (573) and (489) we get 

In this identity change 6 into t0, and we get, after changing 
signs, 

^-^ = 2«(l+5)(l+2^)(l + 3^)... to infinity. (575) 
Similarly, from (574) and (488), we get 

*. + r« = 2(l + ^](l+i^)(l + i5)---toi°fi"ity- («76) 

178. To resolve tan$ into fraetions. 

By taking the logarithmic differential of (539), we get, for 
n even, 

naf"* _ 2a? ~ 2 cos 7 r/» 2d: - 2 cos 3v/« 

«* + 1 "" «* - 2a? cos 7r/» +1 a?* - 2a: cos 3ir/n + 1 

2a?- 2 cos(n- l)7r/n 



• • • 



ar' - 2a; cos (n - l)ir/n + 1' 

a: 
In this identity change x into -; multiply the result by a?, 

and from the product subtract the identity got by interchang- 
ing X and r, and we have 

af + r* " (a;'-2ra?co8ir/» + r* a:* - 2rar cos 3ir/« + r* 

a^-r» j 

* " «* - 2ra? cos(« - l)ir/n + r*)* 
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Substitute the values « *, tf" " for x, r, and we have, for n even, 

, ^ 2 ^e( an^e/n mn^ein 

tan^ = - cot - { . a /o ' «/>/ + . oo /» — . ,/.; 

•"8in«(n-l)W2»-fiin»^/»r 
Similarly, from (537), we get for n odd — 

X ^ 1 X ^ 2 , ^ ( Bin»^/n 8in»d/» 

tan^=-tan-+ - cot - { ■ r-TTrr-*- - 20 /o — ■ ,/>/ 

« » n » (sm*«-/2n - BurO/n 8in*3ir/2» - sin'^/n 

• • ' 8in«(n - 2)ir/2n - 8in»tf/«) * ^^'^^ 

In like manner, from the equations (538), (536), we get, for 
n even — 

,^ 2 ,20 2 ,^( 8in«^/» sm^O/n 

<J0t^«-C0t COt-l , a_ .^ — ^--^Zr^ ~^T"7ii — . a/]/ 

n n » » (8in*27r/2«-8in'^/« sin*47r/2n-8in'^/n 

• • • 8in»(« - 2)^/2n - sin»«/»j ' ^^^ 
For n odd — 

.^ 1 .^ 2 ,^( 8in*tf/» sin»^/« 

C0t^=-C0t COt~< . o^ ,^ — . ,^ ;- + — 



n n n »(8in'2^/2»-8in*tf/n 8in'47r/2»-sin'^/ii 

•••8in«(«-l)W2»-sin»^/«!* ^^®^^ 

179. If we transform the equations (577)-(580) by the 

identity 

I S sin* -4 . . tan' -4 

5 c sin'^ - 8in»^ - tan ^ -h cos«^(tan»^ - tanM)' 

we get the four following equations : — 
Por n even — 

tanfl = tan- + - tan- + cot- J— -5-7^ — ' ,^. 
n n\' n «yltan'7r/2n-tan'^/» 

tan'<?/n ^6/n | 

• tan»3a-/2n-taii'tf/» " " ' taii'(» - l)ir/2«-tan'6'/«) ' ^ ^ 



(583) 
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Tot n odd — 

tantf = taii- +- tan- + cot-j r , ., — . .^. 
n n\ n »y (taii'7r/2»-taii*^/i» 

tan>37r/2n - tan*tf/» ' * ' tan\« - 2)7r/2» - taii*^/»j * ^ ^ 

Por n even — 

^ /2 2tf ^\ 2/ tf tf' 

cot ^ = - cot tan - l tan - + cot - 

\n n nj n\ n n 

i taxi^e/n tan'^/» 

(tan*2ir/2n - tan'tf/» * ' " tan»(« - 2)7r/2» - tan*^/«| 

Por n odd — 

^ \ I 6\ 2/0 0' 

cot ^ = - tan - + cot - 1 - tan tan - + cot - 

n\ n nj n n\ n n 

\ tan»g/n tan^^/n ) 

|tan»27r/2» - tan*^/n " * * tan»(» - l)7r/2» - tan»^/«) * ^ ' 

180. Eesolution of tan 0, cot0, into an infinite number of simple 
fractions. 

If we take the logarithmic differential of equation (574 ), we 
get 

00 O0 OQ 

*^^ * = (W2F^ ^ (3^/2)'- 0^ ^ (5^2)' _ ^ + &c. to inf., 

(585) 
^ 1 1 1 1 

""^ ^^^ ^^72^ - i;/2T^ + s^i^r^ ' sUpTd "^ ^""^ 

(586) 
Similarly, from equation (573), we have 

,^ 1 ( 2fl 20 20 ^ ) 

''*^ = ^"i,?r^^(250^r^^(1^0'^ 

(587) 

"^ ^^*^-J"(^-;^)-(2;r:^-2^^ 

(588) 

181. Resolution of eoseeO and seeO into an infinite number of 
simple fractions. 

Q2 
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Since cosec $ -^ (tan ^ + cot i^ 6)f 

we get, by changing 6 into ^0 in equations (586), (588), adding,, 
dividing by 2, and reducing, 



cosec 



+ {i^e - 3^) - **'•' («««) 



or 

1 2g 2g 2$ 

cosec «? = g + ^^^-^ - (2^)2 _e^ + (37r)»-^- *''' 



If in these equations we change 6 into - - tf , we get 



(590) 



sec 



^ "■ \irl2 - ^ "^ ir/2 + ^ j \,37r/2 - ^ "*" 3w/2 + O) 



or 



^ IT 3ir 57r 

®®^ (ir/2)«-^ " (3ir/2)»-^» "*■ (5x/2)» - ^ " 



(592) 



EXEECISES.--XXXVII. 



1. Prove Y? + 2» ■'■ 3«" "^ P"^ *®* *^ "^^* "^ "e"' ^^^^^ 

[Equate the coefficients of O' in the expressions 

.nd «(l.;)(i-^^)(x__^)..., 

each of which is equal to sin $.] 
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2. Prove ^ "^ 3^ "^ 6* " •*^"^* "T* ^^^^^ 

3. Prove tliat the series for tan 9, equation (585), is convergent for all 

IT IT 

values of between -> - and -. 
[M.ke e = |, and the sum of aU the terms after the first hecome. 
1/1 1 1 ^ . . ,\ 1 

And when is < -, the sum of all the terms after the first is < — There- 

2 T 

fore, &c.] 

, r, ^ 2« 3* 6* 7» 11' -L * . * 

4. Prove — = -r . . . , . «c. to inf.. 

6 2»-l 3»-l 6*-l 7*-l 112-1* ^*"*-» 

the numerators consisting of the squares of all the prime numbers. — 
<Croftom). (595) 

6. Prove the series for cot $ (587) is convergent for values of 9 between 

W _ IT 

-2"^d2- 

6. If ;y,„=_l + _L+i-+&c.toinf, 

^111. 

prove that tan 9 = — -^ — + — -^ — + — ^ — + &c., (596) 

and cot« = --2 ( -^ + -=-^+ -^— - + &0.J (597) 

[Expand the partial fractions in (586), (588) into series.] 

7. Prove that Sin = ^ j^ . (598) 

[Compare the values of tan 0, (528), (596).] 
S. If ft be even, prove 

n-l 

IT . 3t . (« - 1)» 



sm -- . sm -- . . . sin 

2it 2n 2n 



(J) * • (699) 
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9. If II be eyen, prove 



10. Prove 

=^'-(-9 (-.4-.) (-^.) (■*^.) (.-5;^.). - 

(601) 

11. Prove 

sina \ 0/ \ ir-a/ \ ir-*-a/ \ 2ir~o/ \ 2ir + a/ 

(602) 

12. If n be an even integer, 

• «" « 3ir -6ir .(» — l)ir n* .^-_. 

cosec' ;r- + cosec* -- + cosec' t- . . . cosec' ^ = -^. (608) 

2n 2ra 2n 2» 2 ^ ' 

w -i- 6 2ir + 

13. Prove sin $ = 2»"^ sin - . sin . sin ...» factors. (604) 

n n n 

fl ir 4- S* + 

14. ,, n even, i sin (> = 2«-^ COS -. COS .cos ...wfactors. 

n n n 

(60&) 

16. ,, n odd, + cos 6 = 2»-* cos - . cos . cos . . . n factors. 

(606) 

16. ,, w even, + 1 = tan -. tan .tan ...n factors. 

« n « 

(607) 

9 ir + 9 2ir+d 

17. ,, ftodd, tan0 = tan-.tan .tan ...» factors. 

n n n 

(608) 

ir 2^ 42 6^ 

18. „ Wallis'stheorem, -==^5— y.^^--^.^j— ^...toinf. 

(609) 

19. „ 1-* + 2* + 3-* + &c. to inf . = ^. (610) 

20. „ l-«+2-«+3-«+&c.toinf. = ^-. (611) 

945 

21. „ l-8+2-8+3-8+&c.toinf. = ^. (612) 

22. „ 1-w + 2-w + 3-10 + &c. to inf. = -^ (613> 

9oOdO 



ir* 2* 3* 6* 7* 11* 

^^- " 9oT2rri-3nri*5n::T-7rri-iprii-'**°"^- 



(614) 
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24. ProTe ^ 



25. 



2« 3« 6« ?• 



11« 



26_r3«-l'5«-l'7«-ril«-l 



... to inf. 



(616) 



2' 38 



6» 



7« 11« 



26. 



27. 



28. 



29. 



9460 

16 

106 



28-r38-i'68- r 78- r 118-1 

28 32 52 72 X13 

2«+l'3«Tl'6» + l*7»+riP+l 



... to inf. 



(616) 



. . . to inf. 



2* 3* 



5* 



11* 



(617) 



2* + 1*3* + r 6* + r 7*+ r 11* + 1 



... to inf. 



V2 = 



2' 6' 



10« 14* 



22-i*6*-ri0«-ri4»-l 



. . . to inf. 



V3 32-1 9«-l 15«-1 



32 * 92 



16» 



. . . to inf. 



(618) 
(619) 



(620) 



30. FioTe 8iii« + co8ic = 

(821) 

31. Frore siii« — co8« = 

^ I (-1) (-(^•)") {-(ni-')') (-&")")-H 

(622) 

32. Prove, if ^ cos a; be expanded in ascending powers of Xy that the co« 

efficient of ^ 

In l» 



and also 



2' co6»ir/4. 



(628) 



1 + cos^ ( (»-<>)»)( (» + *)*) 

^-(S??;)^! {^-(-3^1 •••*** "^^ 

34. Expand (a* - 20d cos ^ + ^) ^ in a series of the form 
^0 + -^i cos ^ + A2 cos 2^ + ^3 cos 3^, &c. 



(62i) 
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35. If sec9 s= 1 + ___ + -J— ^ __!_ ^ ^q 

L? LI L^ 

prove that 

[g; [2n L2« 

^ " I 2 I 2n-2 ^' "^ I 4 I 2n-4 "^^ " i"672;rr6 ^' 

+ &C (- 1)'»^2„ = 0. (626) 

36. Pn)ye ^^-^^'» = (i- JlUj ?!_Ui ?!_) 

h(5^Hl-(i;^,l.*c. (626) 

37. „ l-« - 2-« + 3-8 -4-«+&c. to infinity = 4. (627) 

38. „ 1-4 - 2-^ + 3-* - 4-* + &c. to inf. = ?^. (628) 

720 ^ ' 

39. „ l-«-2-« + 3-«-4-« + &c.to inf. = ^. (629) 
40 — _?LL?! 3* + 3^ 6* + 5g 7*+78 1I*H-11« 

7 24+1- 34 + 1 •6rqrr-"7*TT- 11* + 1'*®' 

41. Prove ^ ' 

— '•'-"h('-?)'l i'H^S^)") hCi?)'!- -• »'-■ 

. ^ (631) 

42. Prove ^ ' 

(632) 

43. Prove - = ^^^.^^^ .^-^^ .__.__.. .^ (633) 

44. „ * = sm« + J._ + _-^ + ____,&c.toinf. 

(634) 

13 1 ^ *» 

46. „ 8ecic=l + I . sin^a; + --^ sin*ap 4- ^ \ ' sin««, &c. to inf. 

2.4 2.4.0 

(636) 

.ft ^ •« .5 "sin^a; 2.4sin«a: 2.4.6sin»ic . 

^ 2^3.633.6.74* 

(636) 
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47. Prove j^^ + ^^ + ^^ + .. . to inf. =-^. (637) 

,in>-sin»_/ aw .X/_J>X 

60. „ ooB8 + tonJ*.8in«=(l + -^)(l-^) 

ir2_2«H-22 3«+3» 6H6» 7'-l-7» ll»+ll» , ... 

^^* »' Y"253T-3«rT-6^3i- 7637- 11«-1 '••• ^^*^^ 

Section IV. — Summation op Tkisonometrical Sbbies. 

182. To find the sutn of a series of cosines of angles in AP. 
Let the proposed series be 

cos a, cos (a + 2jS), cos (a + 4)8), &c., to n terms. 

Let cos a + cos (a + 2)3) + cos (a+ 4/?) . . . cos (a+ 2(» - l)j8) = 8. 

Multiply by 2sin)3; decompose each product on the left into 
the difference between two sines, and we have 

2i8f . sin)3 = sin {a + (2w - 1)^} - sin (a - )3) ; 

... s=^ cos(a + (n-l)/3)sinnff ^ 

sin)3 

From this formula we can infer other results. Thus : — 

1*. Change a into ( <» - „ )» ^^^ ^^ ^^"^^ *^® "^^^ ^^ ^^® series 

sin a, sin (a + 2^), sin (a + 4fi), &c.^ to n terms, 

^ sin(a + (n-l)ff)sinn^ ^ 
sin)3 
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2*. In (642), (643), change j8 into jS + -, and we have 
cos a - cos (a + 2j8) + cos (a + 4)3) - . . n terms 



^ cos (g -I- n - 1 (j8 + ff/2)) sinn(ff + ^2) ^g^^v 
sin a - sin (a + 2j8) + sin (a + 4)3) . . . n terms 



^ sin (g 4- n - 1 ()3 + ir/2)) sinn(i8 -h ir/2) ^^^ 

3'. In (642), (643) put )8 =-, and we get 

/ 27r\ ^ 4ir\ ^ ^ ^ 

cos g + cos I g + — j + cos i g + — j + &c., to n terms = 0. 

(646) 
8ing+ sin(g+ — ] + sin(g + — ) + &c., to n terms « 0. 

(647) 
183. Sum the series cosee a + eosec 2g + cosec 4g, Sfc,, to n terms. 
We have, equation (142), . 

cosec g = cot^g — cotg. 
Hence, changing a into 2g, 4g, &c., and adding, we get 

iS = cot i^g - cot 2'^* g. (648) 

Cor, — Hence the sum of the series 

tan g + cot g, tan 2g + cot 2g, tan 4g -f cot 4g, &c., 

to n terms, may be found. 

The artifice employed in this example of decomposing each 
term into the difference of two others is extensively used in the 
summation of series. As another example of the process, let it 
be required to find the sum of n terms of the series 

*tanjg, j^^^^> ~tan^, &c. 
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In this case the decomposition is 

^ tan i€L = i cot ^a - cot a, 
and changing a into ^ a, ^ a, &c., we find the sum 

^2^^^^^'^^^^' (649) 

When the terms are not immediately reducible to di£Perences- 
which would cancel in addition, they may become so when 
multiplied by a factor. Thus, if the series be 

1 1 1 «. 

-^— — — — + + , &c., 

cos a . cos 3a cos 3a . cos 5a cos 5a . cos 7a 

it becomes of the desired form if multiplied by sin 2a, since- 

sin 2a 

— = tan 3a — tan a. 

cos a . cos oa 

Hence the method of finding the sum is obvious. 

184. Euler's theorem, § 160, viz. :— 

costf + f sin^ = e*^, 
and the theorems (§ 165), ^ 

2 cos ^ = e^ + e-^, 2i sin ^ = ^«' - «* 

enable us to find by algebraic methods, such as the Binomial 
Theorem, the Exponential Theorem, Eeeurring Series, &c., the 
sums of extensive classes of progressions. Thus, to sum the 
series 

sin a + <? sin (a + )3) + c'sin (a + 2^) + &c., to n terms. 

Let 8 denote the sum. Multiply by 2f ; then 2i8 is equal to 
the difference between 2 OP*', whose common ratios are, respec- 
tively, wP and 0$'*^. Hence 

.>.o • / 1 - <^e^'P\ . /I - ««*-«')»\ 
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therefore 

^ ^sina-c 8in(a - 13)- c"sin(a + n/S) + <;'^^8iii(a + n - lj8) 

1 - 2<?co8/3 + <?* 

(650) 

This example may, like that in § 182, be made to give several 

results. Thus, if a be changed into a+-, we get the sum of 

the series 

coBai- € cos (a 4- ^) + c* cos(a + 2)5) ... to n terms 

COB a-€C08{a-P)- c"cos (a + np) + <f^^ cos (a + « - 1)8) 

" i - 2c COB P + (^ 

(651) 

These two progressions may be summed differently, as fol- 
lows : — Thus, put 8 for the first, and C for the second ; then 
we have C + 48 

= (cos a + « sin a) { 1 + <?(cos )3 + » sin fi) + c'(cos 2^8 + i sin 2)3), &c. ) 

/I - (fe»''fi\ 
= tf'*(l + c*«^ + c^&^^'P + c'^'i^ + &c.) = e^ ( -j y J 

^ ' l-2e?cos)3 + c* 

Substitute for the exponentials their equivalents in sines and 
cosines, and then compare real and imaginary parts. 

If c be less than unity, the two preceding series are conver- 
gent, and the sums to infinity are, respectively, 

sin a - <? sin (a - )8) cos a- c cos (a - P) 



l^cJC0S)Qr+> ' ~'l-2<?cos/5 + c* 
As another example, the sum of the series 

cos a + a; cos (a + i^) + nr cos (a + 2)8) + &c., 

[1 

is found by the exponential theorem to be 

^''<»''Pcos(a + ii;sin)8), 

and the sum of the corresponding series with sines to be 

^^^P sin (a + « sin)8). 



(652) 
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185. The following general theorem includes the two pre- 
ceding examples as particular cases: — 

If the sum of the series 

Co + CiX + c^ix^ . , . c^a^ =/(^)> 
then the sum of 

CqCOS a + Cieos (a + )8) + CzCOS (a + 2^) 

...e^ cos (a + »/?) = J { e*^f{e*fi) + r^f{e'*'fi) } , (653) 
and of 

<^o«wia + Cisin{a + j8) + c^sin{a + 2)8) 

...Cn sin (a + »j8) = J [^'V(«'38) . er'<^f(^r'P) j . (654) 

The proofs are evident by replacing the sines and cosines by 
their exponential values. 
As an example, we find, putting 

, , Asin^ - , «7 ^ ,. 

tan«/» = - — r-^» r» = 1 + 2A cos/S + A», 

1 + A cosjS '^ ' 

the sum of n terms of the series 

cosa + nh cos (a + )3) + -^ — A» cos (a + 2^) + &c., 

is r" cos (n<^ + a), (655) 

and the sum of the corresponding series with sines 

= r* sin (n<l> + a). (656) 

These examples may also be solved by the second method in 
§ 184. The methods explained in §§ 182, 183, being applications 
of the formulae for the transformations of the products of sines 
or cosines into sums or differences, belong to Chapter II., but we 
have preferred, however, not to give them there, in order that 
we may place together the various methods employed in the 
summation of trigonometrical series. 



> J 
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EXEECISES XXXVIII. 

Find the sum of n terms of each of the following series : — 

1. sec a . sec 2a + sec 2a . sec 3a + sec 3a . sec 4a . . . 

1 1 1 

cos a + cos 3a cos a + cos da cos a + cos 7a * * * 

3. cosec a . sec 2a — sec 2a .'cosec 3a + cosec 3a . sec 4a . . . 

4. sin'a + sin«(a + iB) + 8in«(a + 23) . . . 

5. sin*a + sin3(a + jB) + 8in*(a + 2/8) . . . 

6. sin a . sin 2a -f sin 2a . sin 3a + sin 3a . sin 4a . . . 

7. cosec a . cosec 2a + cosec 2a . cosec 3a + cosec 3a . cosec 4a . . . 

8. cosec a . cosec 2a — cosec 2a . sec 3a + sec 3a . coseo 4a . . • 

9. COS a . sin 2a + sin 2a . cos 3a + cos 3a . sin 4a . . . 

10. cos*a + cos*(a + iS) + cos*(a + 2/3) . . . 

11. sin a . sin 2a + sin 2a . sin 4a + sin 3a . sin 6a . . . 

I 1 1 

1 + tan a . tan 2a I + tan 2a . tan 4a 1 + tan 3a . tan 6a * * ' 

13. sin a — sin 2a + sin 3a — sin 4a . . . 

14. cosa . cos (tf +a) + cos ($+o) .cos($ + 2a) + qob(B + 2a) . (c069+3a) 

2tan0 2tan2e 2 tan 80 

1 + tan^tf "*" 1 + tan»2a "*" 1 + tan* 3a " * 

16. sec a . sec 3a + sec 2a . sec 4a + sec 3a . sec 5a . . . 

17. cos a . sin iS + cos 3a . sin 2)3 + cos 5a . sin 3/3 . . . 

18. 8ina + 22sin(o + i3) + 3* sin (a + 2/3) . . . 

19. sina + 2»sin(a + /3) + 3'sin(a + 2/3)... 

1 1 1 

20 4- I- 

2 cos* a/2 22 cos* a/2» 2» cos« a/2» * * * 

21 . sec*a + 2 sec^2a + 3 sec* 4a . . . 

22. sin a . 8in*}a + 2 sin }a . sin*^a + 4 sin |a . 8in'|-a . . . 

23. tan a . sec'a + (J tan Ja) (J sec Ja)* + (J tan Jo) (} sec Ja)' . . . 



12. 



a ,. . , a .„ . , a 



a .a 

24. sin* a + 4 sin* - + 4' sin* -rr + 4^ sin* ^_ 

2 2* 2' 

25. 8in*a + sin* (a + /S) + sin* (a -I- 2/3) . . . 
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26. 8ina+ 2sin2a + 3sm3a + 4 8m4a. .. 

^m m • '••W — l._ W.fJ— l.fJ — 2,_ 

27. 1 + « am o + — -r — sm 2o + — sin 3a. 

28. cos a + 4 cos 2a + 9 cos 3a + 16 cos 4a . . . 

29. « sin a — «* sin (a + jS) + J?' sin (a + 2)S) . . . 
ZO, cos^ a + 2 cos^ 2a + 3 cos* 3a + 4 cos^ 4a. 

31 . tan-^a: + tan-^ ; ; — ^r-^o + tw^"* 



1 + 1 . 2a?2 l-f 2 . 3a:8 

sinO sin 29 sin3e 

COS 6 + cos 20 cos + cos 49 cos + cos 60 * ' * 

Sum to infinity the following series : — 

cos a. cos 2a cos^ a . cos 3a . cos' a . cos 4a 



^3. cos a + 



^4. sin a — 



LI L? l! 

sin 2a sin 3a sin 4 a 



C082a cos4a C086a 
56. 1 — + -7- — - . . . 

L? Li L? 

a;^ sin 2a a:* sin 3a a.-* sin 4a 
36. ,gm. + — j^ + — j^ + -^... 

COS a COS j3 cos^ a . cos 2$ cos' a cos 3^3 . 
1 iT-+ [2 [3— + *"- 

sin a cos a sin 2a cos^a sin 3a cos' a . 

38. _^+_^— + j^^ + &c.... 

sin a cos 2a sin^acos3a sin' a cos 4a . 

39. cos a + -; h r-r h -r , &C. . . . 

Li LH l! 

40. sin a - J sin 2a + } sin 3a - I sin 4a, &c. . . . 

41. cos a + i cos 2a + } cos 3a + ^ cos 4a) &c. . . . 

42. cos a cos iS + ^ cos^a cos 23 + i cos' a cos 3/3, &c. . . . 

43. sin a cosiS - } sin^a cos 2j3 + } sin'a cos 3)3, &c. . . . 

44. Prove cos a - J cos 2o + J cos 3a - &c. = log (2 cos J a). (667) 

46. „ cos a + J cos 30 + i cos 60 + &c. = J log cot J0). (668) 

6 B 

46. „ log cos - + log cos — + log cos — ... = log sin0-log0. (669) 
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Sum to infinity the following series, in each of which x is less than 
unity: — 

47. cos a + a? cos (o + i8) + ' — cos (a + 2/3) . . . 

Lf 

xix —' 1 ) 

48. 8ma + a;8in(a + jB) + — ^-T — ^ sin(o+ 2i8) . . . 

This and the preceding series are summed hy the Binomial Theorem. 
Thus, denoting one hy C, and the other hy 8^ we have 

C+ iS = ^''» (1 + ^'V= ^'•{(«*'"^+ «"*'^) e^'^}' 
= (2 cos J fi)', «* <•* *^^) = 2* cos«/3/2 { (cos a + J ar/B) + t sin (a + } ar/S) } . 
Hence C=2* co8«^/2 . cos (« + } xfi) , 

6^ = 2* cos*i3/2 . sin (a + J a?i8) . 

49. a;sina- }a;'8in2a + Ja;38in3d. . . 

[Make use of equation (600).] 

60. sin o + « sin 2o + T-r sin 3a . . . 



61. 1 - a; cos a + 



^ COS 2a o^^cosSa 



\1 L? 

62. «*siniP~ Jtf2»8in2a? + }tf»«siii3a;. . . 

__ _ jK^sin2a 2;* sin 4a „ 

63. 1 + — J- — + — — — , &c 

Li Lz 

64. 8ina + fM;8in(a+i8)+— ^— — «« sin (a + 2/9) . . . to (« + 1) terms. 

lz 

66. 4 + 9a;costf + 21a;' cos 20 + 61a^cos3« + &c 

66. 1 + llicsina + 89a;»8in2a + 669a;»sin3a . . . 



CHAPTER Vni. 

IMAGINARY ANGLES. 
Section I. — Cekculab Functions op Imaginaby Angles. 

186. If in the Newtonian expanmns 

a^ x^ ^ «• 4J* 

«ma; = a?-- H-~-&c., cosa:=l-- +- -&c., 

we Buhstitute for x the complex magnitude 

p(co8tf + «sin^), 
the results are convergent, 

« 

Dem. — We have, by De Moivre's theorem, after making the 
substitution, 
sin p (cos ^ + t sin 6) 

, /I . . /IN • (cos 3^ + i sin Z&\ 
= p (cos ^ + » sin ^) - p' ^^ — '- 

L5 

- (cos hO + i sin 5^) 
+ f>* Tg - &c., (660) 

cos p (cos + »sin0) 

, (cos 2^ + » sin 2^) ^ (cos 4^ + « sin 4^) ^ ,^^,, 
= 1-P'^ [2 "^^ [4 ^"^*^- (^^^) 

And it is evident that the real and the imaginary parts on the 
right in each equation are convergent. Hence, &c. 

Dee. — Th/e circular functions tan, cot, sec, cosec of the complex 
magnitudes p{cosB -v isinff) are defined ly means of its sine and 
cosine hy the same equations as those for real magnitudes. 
Thus :— 

X / zi • • m 8inp(cos^ + 1 sintf) . ,^^^. 

tan p (cos tf + t sin ^) = — ^-7 -z — . . /. . &c. (662) 

'^^ ^ C08p(C08^ + »sin^/ ^ ' 

B 
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Cor. — The circular functions of pure imaginaries are defined 
in the same manner. Thus : — 



sin 



m'?V=»(5 + ^+^+&c.'). (663) 

w* w* rf 
COS lyt = 1 + -^ + -J + j-g + &c., and so on. (664) 

187. The equation e** = cos x ^ i sin x holds true^ when x 
defwtet a complex magnitude. 

Dem. — Put X = COB0 + i sin $. Then we have 
^te ^ ^<(«,.*+<.i««) ^ 1 + ,-(co8 « + » sin 0) 

cos 26 + f sin 2d i{cos S$ + i sin 30) 



\1 li 



+ &c. 



COS 26 + i sin 2$ cos 46 + ♦ sin 46 

[! — ^ [4 *"• 

. , , ^ . . /i\ cos 30 + » sin 30 ^ . 
+ f {(cos0i-tsin0) — +&c.} 

= cos (cos + * sin 0) + » sin (cos + « sin 0) 

equations (660), (661) 
= cos 0? + • sin X. 

188. We shall now prove the fundamental properties of these 
functions. 

We have (§ 161), 

e^ . e'^= ^*(«+«'), and e-'^ . e-'^= d-«(«+^) ; 
but, whether be simple or complex, 

tf'»=cos0 + »8in0. (§187.) 
Hence 

(CO80 + t sin 0) (cos 0^ + t sin0') = cos(0 + 0') + » sin(0 + 0^), 

and 

(CO80 - » sin 0) (cos 0^ - t sin 0') = cos(0 + 0^) - 1 8in(0 + 0^). 
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Therefore, multiplying, and then adding and subtracting, we 

get 

cos (tf + ^) = cos e . cos ff- sin sin $', (665) 

sin (tf + ^) = sin fl . cos ^ + cos 6 sin ff. (666) 

And these equations are valid, whether the quantities d, B' 
be simple or complex. Sence all the results which hme heen 
deduced in Chapter IL, from the formulae for the addition of 
ares, hold without modification when complex magnitudes are 
substituted for simple quantities. 

189. In the identities 

cos tf = i {e^ + e-*% sin 6 «= he'^ - ^'»), 

^% 

change 6 into iO, and we get 

cos id = J (^ + ^), sin iO = (e^- er^) 

(values which may also be inferred from equations (663), (664) ). 
Hence, substituting in the three equations 

COB [0 + iff) = cos ^ . cos iff - sin fl . sin iff, 
sin {6 + iff) = sin tf . cos iff + cos tf . sin iO', 
^+,»' = ^«(cos tf' + i sin tf'), (667) 

cos {B + »^) = i (^ + ^-•') cos tf - ^ ((j^' - «-•') sin 6, (668) 

■ 

sin [0 + *tfO = J (^^ + «-^) sin tf + ^ (^' - e-^) cos ^. (669) 
Again we have, Def., § 186, 

is..r(fi^iff\ «^(^ + *^) 2sin(g 4ty )cos(^-e^0 
^ '' " coB{e + iff) " 2 cos ((9 + «^) co8(^ - «-^') 

sin2tf + 8in2ttf' ,^^^, 

(670) 



cos2tf+co82/^" 

__ 2 6 m2e + i{^-e'^) 
2 cos 2tf + ^»' + r**' ' 

B2 



(671) 
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Cor.— tan id = sin »^/cos id = ♦(<?»- 0/(ij« + <r«). (672) 

The formulae (667)-(672) are true, whether the quantities 
Of ff be simple or complex : their principal use is to reduce to 
ordinary forms such expressions as ^, cos x, sin x^ tan x^ when 
X denotes a complex magnitude. 

190. From the equations (663), (669) it follows at once that 
the equation sin a? = cannot be satisfied by imaginary values 
of x\ and since 0, ± tt, ± 27r, &c., are the real values that 
satisfy it, we have, by the theory of equations, 

8m.; = ^*(l-5)(l-2^](l-^),...tomf.. 

where A cannot contain x ; but 

sina? = a: - — + .-- - &c. (§ 168) ; 
1 3 16 ^'^ ' 

therefore, dividing by a:, we have 

;'-rg-*-)-^('-?)('-.4)('-^)- 

or, supposing the second side multiplied out, 

(1 - — + 7T - &c.) = ^ (1 - ^ia:» + (?2«* - &c.) 
Hence, comparing coefficients, we have A = \\ 

This demonstration affords an instance of the utility of consider- 
ing the circular functions of imaginary angles. Por, as usually 
presented, the demonstration has the serious defect of not prov- 
ing that A .cannot be a function of x : besides this, it has another 
fault, viz., the method of ascertaining the value of -4, which is 
as follows : — ** We have 

sin 



^'■^('-S)('-^)- 
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sin al/ 

Hence the limit of is equal to the limit of 

•2/ 



^^-3(^-^)--' 



when a; approaches zero; bat this limit is A ; hence A = 1,^* 
But it is evident that this is imperfect, as it cannot be asserted 
without proof that the limit of the second side is Ay since the 
number of factors is infinite. 
As another example, let it he required to decompose 

«• - 2 <?M a + ^ 

into an infinite number of factors. 

It is evident that ^- 2 cos a + e'' vanishes, when % = i (2ibr ± a), 
and does not vanish for any real value. Hence 

^-2c08a + ^=^(l4)(l + ^-^,)(l + ^^,).... 

where -4 is a constant. This may be written 

2 (1 - coso) + 2 ( — + — + &c. j = -4 (1 + <?!«» + *a2* + &c. ) 

Hence, comparing coefficients, we have 

-4 = 4 sin* - ; 
therefore 

g'-2cosa-fr'=4sin*^fl + ~Vl+ ,^ ^' xa V^+ z. *' sX " 

2\ a»/V (2ir±a)V\ (47r±a)V 

(673) 

Exercises. — XXXIX. 

1 . Given log (m + «t) = a + W, prove 2a = log (m* + «'), tan 6 - — . (674) 

III 

2. Reduce log (a + ^t)^"*^"*^ to the form a + fiu 

3. „ (a + W)("»*»»0 to the form a + fit. 

4. Prove {sin (o + tf) - ««< ain «}» = sin^a . r»^. (676) 
6. „ sin (a + «a) - «*< sin nS = tf<"* . sin a. (676) 
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6. Prove 4 sin (d + 1^) cos (« - tO = 2 sin 20 + i («W' - «->«'). (677) 

7. „ 4 cos {$ + id') cos {e - tO') = 2 COB 2tf + (^ + «««'). (678) 

8. If 006 (9 + id) = cos a + i sin a, prove sin^tf &= sinSa. (679) 

9. „ tan(d-f fe) = co8 2a + *8m2a, prove «««= j-tanfa+j j. (680) 

,A T>_ /. .y»/x 2tf«'(co8e+tsine) + 2^(cose-tsiiie) 

10. Prove sec (e + ta') ^ 2 cos 26 + ^- + ^'d' ' 

(681) 

,^ .^, 2tf«'(cos e + t sin e) + 2r0' (cos e - t sin a) 

11. ft cosec(a + t^)= — ^— 



(682) 
(683) 



2 sin 2d + i(e^ - e'^') 

16. „ 4 sin {e + td') sin (d - id') = i^d' + ^^^ - 2 cos 2d. (686) 

16. „ 4 cos (d + id') sin (d - id') = 2 sin 2d - i (e^' - ^r^d'). (687) 

17. Given cos(d + iO') = a + W, prove that 

sin*d = (1 - a« - *») sin'd + *», 

and d' = log (-^ - -4-) . (688) 

\C08d Bind/ * ' 

18. Express a**V< in the form of a complex magnitude. 

«/• o tk 4. tf t\ (2r+l)ir . . . (2r+l)x 

V t = 2«<* root of (- 1) = cos ^ — - — ^— + f sin ^ — ~ — ^ , 

2m 2ft 

and putting a &= ^, we get 

^*cos (2r + l)ir/2« ^ ^iA;sin (2r + l)ir/2fi 

B aeos,^ {cos (A; sin^) + t sin (A;sin4>)}, (689) 

where ^ = ^ — - — —, and k = log* a. 
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19. Proye 

111 1 1 1 

(2r- «)2 ■*■ (2r + «)» "^ (4ir- a)'^ "*" (4ir+«)» + (6ir-«)a "*" (6» + a)*' *""•' 

*o inf. = r-4-73 - "T- («^0) 

4 am* a/2 a^ ^ ' 

20. Prove 

__1 1 1 1 1 1 

(r-a)» "^ (,r + a)« "^ (2»-«)2 "^ (2r + «)* + (3ir-«)2 "^ (Sr + a)"^' *^*' 

*<> «i^- = ^ - 4- (Wl) 

sin* a a^ ^ ' 

21. Prove 

_1_ _J__ Jl 1 1 1 

(» - a)* "^ (» + a)» ■'■ (3ir - a)« "*" (3» + a)* "^ (Sir - a)» "*" (6ir + a)»* ' 

to inf. ss -. (692) 

4co8«a/2 ^ ''^^ 

22. Prove —^ — r + -r- ...to inf. = — . 

Section II. — ^Hypesbolic Sines and Cosines. 
191. Dep. — If in the exponential expressions 

/or the circular functions of the sine and the cosine of an angle Oj 
we omit the i, the results are called^ respectively, the hyperbolic 
sine and cosine of 0, 

Hyperbolic functions are so called^ because they have geome- 
trical relations with the equilateral hyperbola analogous to those 
between the circular functions and the circle (see § 148, Cor. 6); 
Also the author's Analytical Geometry , p. 225. 

'< Le P.y. DB EiccATi, S.J. (1707, 1776), a form^, au moyen du nombre e, 
«ertaine8 expressions dites/on^^iofM hyperboliqueSf qui jouissent de propri6t6s 
^emblables k celles des fonetiotu eireulares sinus, cosinus, tangente, ftc., 
mais plus faciles k 6tablir. Plusieurs g^om^tres du XYIII* et du XIX* 
siecle (entre autres Moivre, De Foncenez, Lambert, Euler, Gudermann, 
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Graasmaim, Lam^, Gronau, Hoiiel, Laisant, Giinther), que out employe 
consciemment ou inconsciemment lea fonctions hyperboliquea ont fait res- 
Bortir Futility des notatioiiB de Riccati." — (Mansion.) 

192. notation. — ^Hyperbolic functions are denoted as follows^ 
viz. : — 

sine hyperbolic 0, Sh 6j cosine hyperbolic 6, Ch d ; 

tangent hyp 0, Th 6, cotangent hyp 0, Coth ; 

secant hyp 6j Sech 0, cosecant hyp B, Gosech 6. 

193. From the definitions we have, evidently, 

Sh ^ = f^^, (693) 

Ckt.t^, (694) 



2 ' 




*«+r» 




2 ' 




^-^-tf ^^l 




^ + er«^^+l' 




^+^-« e'^^-l 




^^e^ ~ e^-V 




1 2 

Ch 6 tf«+ ere 




1 2 





Coth = ^j-^ - ^-^, (696) 

1 2 243^ 

194. If we expand the right side of (694), we see that Ch & 
contains only even powers of 6. Hence Ch remains unaltered 
when changes sign. Therefore we have 

Ch(-^) = Chtf; Sech (- ^) = Sech ^. (699) 

Similarly, 

Sh (-«) = - Sh 6, Cosech (-«) = - cosec 0, (700) 
and Th(-^) = -Thtf, Coth (- ^) = - Coth e. (701) 

Sence, when the sign of the argument is changed^ the hyperbolic 
functions follow the same rules of change or permanence as th& 
corresponding circular functions. 
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196. From the exponential values we get the following for- 
mulae for the sums and differences (compare §§ 39, 40, 41) : — 

Sh (a + )8) = Sh a . Ch j8 + Ch a . 8h iff, (702) 

Sh (a - j3) = Sh a . Ch ^ - Ch a . Sh j8, (703) 

Ch(a + ^) = Ch a. Ch j8 + Sha. Sh A (704) 

Ch (a - j8) = Ch a . Ch /S - Sh a . Sh'^. (705) 

196. From the formulae (702)-(705), which may be called 
the four fundamental formulae of hyperbolic functions, we get^ 
as in the analogous case of circular functions, 

Sh (a + /J) + Sh (a - /?) = 2 Sh o. Ch/?, (706) 

Sh (a + j8) - Sh (a - /?) = 2Ch a. Sh/?, (707) 

Ch (a + j8) + Ch (a - ^) = 2 Cha . Ch/?, (708) 

Ch(a + /?) - Ch (a - ^) = 2 Sha. Sh^. (709) 

197. If we put a + ^ = o', and a- fi = ^, we get 

Hence, making these substitutions in the formulae (706)-(709)^ 
and omitting accents, we get the following formulae for the 
transformation of sums and differences into products : — 

Sha + Sh j8 = 2Sh J(a + p) Chi(a - /?), (710) 

Sha - Sh)8 = 2 Chi(a + j8) Sh i(a - /3), (711) 

Cha + Ch j8 = 2Chi(a + p) Ch J(a - /?), (712) 

Cha - Ch)S = 2 Shi(a + j8) Shi(a - j8). (713) 

198. From the formulae for two angles we may proceed as 
in the corresponding case of circular functions, and investigate 
formulae for three angles, &c. Thus : — 

Sh(a + j8 + y) = Sho.Chj8.Chy + Sh^.Chy.Cha 

+ Shy . Cha . Ch j8 + Sh a. 8h)8 Shy, (714) 
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and 

Ch (a + /? + y) = Cha . Ch/? . Chy + Cha Sli j8 Shy 

+ Chj8ShySlia + ChySlia.Shj8. (715) 

199. From the sines and cosines we can infer formulae for 
Th, Coth, &c. Thus :— 






(716) 



Tha + Thjg + Thy + ThaThjgThY 
ill va + p 1-y;- ^ ^ Tha Th/3 + Th/S.Thy + Thy Tha' 

(718) 

200. Connexion between the ht/perbolie functions of a real, and 
the!" circular functions of an imaginary , angle. 

If we compare § 189 and § 193, we get the following rela- 
tions: — 

Ch (a) = cos (ia), « Sh a = sin («a), » Th a = tan (fa). (721) 

Hence we have the following rule of transformation, viz. : — 

In any identity of circular functions change into iO, and then 
substitute Ch6forcos(i0), iShOfor siniO, and iThdfor tan{iff). 
The formulae (702)-(720), already proved, may be obtained in 
this manner. 

Cor. — cos {i$) and — r— are real. 
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EXEECISES. — XL. 

1. Prove 8m(a + ti3) = 8ina.Chi3 + ico8a.Shi3. (722) 

2. „ cos (a + f/S) = cosa . ChjS - * sino . Shi3. (723) 

3. „ 8m(a- ti3) = sina. CliiS - tcosa. Shi3. (724) 

4. „ cos (a - tiS) s cos a . Ch iS + « sin a . Sh jS. (725) 
6. „ Sh(a + «i3)aSha.cosi3 + iCha.siiii3. (726) 

6. ,y Ch(a+«i3)BGha.co8i3 + iSha.8ini3. (727) 

7. „ Sli(a-ti8) = Slio.cosi3-iCha.sini3. (728) 

8. „ Ch(a>«i8) = Oha.cosi3-tSha.smi3. (729) 

These formulae hold for all values, real or imaginary, of a and jS. If a 
and fi are hoth real, they give us the sine and the cosine, both circular and 
hyperbolic, of complex angles- 

9. Prove Sh2a = 2Sha Cha. (730) 

10. „ Ch2a=Ch»a+Sh»a. (731) 

11. „ Ch2a-Sh2a=l. (732) 

12. „ Sech2o + Th2a=l. (733) 

13. „ Cosech^o + Coth'^ 1. (734) 

14. „ ShoSh(i8-7) + Shi3Sh(7-a) + Sh7Sh(a-/3) = 0. 

(?36) 
16. „ 1 + Ch 2a = 2 Ch«a. (736) 

16. „ Ch2a-l = 2Sh2a. (737) 

17. „ Cha.Sh(/8-7)+Chi3Sh(7-a) + Ch7Sh(o-i3) = 0. 

(738) 

18. „ Sh(a + )3)Sh(a-i8) = Sh2a"Sh2i8. (739) 

19. „ Ch (a + 3) Ch (a - jS) = Sh«a + Ch^iS = Ch«a + Sh'jS. 

(740) 



20. 



»> 



21. „ Sh (a ± 2f nir) = Sh a. (742) 

22. „ Ch (a ± 2«»ir) « Ch a. (743) 
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23. Prore Sh3a = 3Sha + 4ShSa. (744) 

24. „ Ch3a»4CliSa-3Cha. (745) 

26. „ Th3«=n5iiL±-^^. (746) 

26. „ Gh a + Sh a s «a. (747) 

27. „ Oh a - Sh a = <?-«. . (748) 

28. ,, (Cha+S]ia)«=Ch(fia) + Sh(fia). (749) 

29. ,, (Ch « - Sh a)« » Ch (na) - Sh (na). (750) 

30. „ Sh(ffa) = fiCh«-»a Sha + , ^ .'— , Cli«-»aSh»a, &c. 

I 3 I II — 3 

(751) 

31. „ Ch {na) = Ch»a + '-_ Cli*-«a Sh^o + &c. (752) 

32. „ a = Sh a - } — g— + ^-^ -y- - &c. (753) 

33. „ a = Tha + ^^ + ^^ + &c. (754) 

3 

34. „ 2 Ch («o) = (2 Ch o)» - n (2 Ch a)«-» 

+ ^ • [* •" ^ (2 Ch a)^ - &c. (755) 
Lf 

35. „ 2«-»Ch"o = Ch(«o)+fiCh(n-2)o 

+ ^ ' f" ^ Ch (ft - 4) a, &c. (756) 

201. Hyperbolic Fnnctioiis expressed by means of Circular 
Functions. 

If in the formula Secli^d + Tli*tf = 1, equation (733), we put 
Sechd = COST, we get Th^ = sinr. Hence Ch.0 = seer, 
Sh tf = tan T, Cosech = cot t, Coth $ = cosec t. (757) 

The angle t is an important one in the theory of hyperbolic 
functions. It has been differently named by mathematicians. 
Hovel has called it the HyperloUc Amplitude ofO. GuDEBHAinr, 
the Longitude. Lailbebt and others, the Transcendent angle. 
We prefer Hoiiel's nomenclature. It is written thus : — 

T 8 Amh. 0» 
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EXEBCISES. — XLI. 

1 . Prove Th J 6 = tan J T. (L aisant. ) 

From the formulae Ch 26 = Ch«« + Sh'a, 1 = Cli'tf - Sh*e, 

Ch2« -1 



we get Th^a = 



Ch2d + r 



Hence, changing B into 1 0, we get 

Th'lg:^ ^^^ -^ ^ SeCT-l ^ l-COBT 

^ Ch tf + 1 sec T + 1 1 + cos t' 

Therefore Th J $ = tan } t. (768) 

2. Prove 

8in(T + *«) = tanr + i sinr = Sha + i Tha = Sh « + » sinr. (759) 

3. Prove 

6in(T - ie) = tanr - tsinr = Sha -iThtf = ShO - tsinr. (760) 

4. Prove 

cos (r + 10) = 1 - i siuT tanr = 1 - « Sh e Th« = 1 - i sinr Shd. (761) 

6. Prove 

cos(t - id) « 1 + isinr tanr = 1 + i She . Tha = 1 + isinr Shd. (762) 

6. Prove 

Sh(0 + ir) = Tha + i Sh« = sinr + » tanr = sinr + » She. (763) 

7. Prove 

Sh (e - ir) = The - * She = sinr - t tanr = sin T - i She. (764) 

8. Prove Ch(e + ir) = 1 + »She Th0 = cos(t- ie). (766) 

9. „ Ch (e - tV) = 1 - i Sh e Th e = cos (t + ie). (766) 

10. „ sin (t + ie) + sin (t - ie) = 2 tan t. (767) 

11. „ sin (t + ie) - sin (T-i0) = 2i sinr. (768) 

12. „ cos (t + ie) -t- cos (t - i0) = 2. (769) 

13. „ cos (t + %B) - cos (t - id) = - 2i sin t tan t. (770) 



1 
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14. Prove sin (t + iB) sin (t - %B) = tan'r + sin* t. 

16. „ co8(t + »^) co8(T-i^) = 1 + 8m*T.tan'T. 

16. „ 8h(e + iT) + Sh(a-iT) = 2The. 

17. „ Sh(0 + tT)-Sh(0-ir) = 2»Sh0. 

18. „ Cli(«+iT) + Ch(«-*T) = 2. 

19. „ Ch(tf + fT)-Ch(e-tT) = 2Sha.Tlie. 

20. „ Sh (0 + it) . Sh (e - tr) = Th'e + Sh»« 

« sin'T + tan^T = Bin«T + Sh«a. 

21. „ Cli(« + iT)Cli(0-tT) = l + Sh2tfTh2« 

= 1 + 8m«T . tanV = 1 + Sh« a . sin^r. 

202. Tables of Hyperbolic Functions. 

Since ^= Ch^ + Shd = seer + tanr = tanf- + ^ j, 

we have = log, ^^^^ ( o + I )• C^^l) 

From this formula it is evident that we can transform a Table 
of circular functions into one of hyperbolic functions, and that 
for that purpose it is sufficient to add a column containing the 
values of $ corresponding to the different values of t from 0*^ 
to 90^. This will be fully understood from the following 
specimen taken from Hoiiel's Tables (PabiS; Gatjthieb-Yillais^ 
1884) :— 
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20i. If in the formula Ch'fl - Sh*tf = 1, we put Sh ^ = 1, 
we get Chtf = \/2; 

and since efi=ChO + Sh$, <j»=l+\/2; 

therefore = log. (1 + y/2). 

Hence, denoting, as Laisant does, the value of $, whose hyper- 
bolic sine is equal to unity by n, we have 

n = log.(l+v/2). (772) 

Cor. I.— Ch n = \/2, Th n = -4= = Sech H. (773) 

V 2 

Cor, 2. — If in equation (753) we put Sha= 1, we have 
« = n. Hence, from (772), 

1 r- /zzk . 1 1 I 1-3 1 1.3.5- .^^ ^. 

log.(l+V^2) = l--.--.-.— .^.^-^,&c. (774) 

Cor. 3.— Amh H = ^. (775) 

Cor, 4.— Th 5 „ e-u. (776) 

Dem.— Th5 = tan^ = \/2 - 1 = 1— : = tf-n 

2 B 1+^2 

(7ar. 5 — In equation (754), put a = H. 

Cor. 6.— Ch(»n)/Ch"n = 1 + """^ 

w»-l.»-2.»-3 
+ 4j4 + &c. 



This follows from equation (752). 
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ExEscisss XLII. 

1. Prove 

2. Find the sum of the series ' ^* 

3. Prove 

8h„, = „Sh* + !^)sh»<,+ !±lrl^!izilsh.<,.&c. (778) 

4. Find the aum of the series 

n»-l'. («» -!»)(>.' -3') . 

1I~ [! ''■ 

6. Prove 

Sh„9 = Chn«{„Th<» + j^J|3^Th»fl + p-^Th»fl + 4c.}. (779) 

6. Prove 

Ch«fl = Ch«<.{l + jJ|^ Th'fl + j-^-^ Wfl + &o.}. (780) 

7. If we put tan }t = ^, we have Th - = ^ Hence, prove 

-j- = < + j+j+j3 + &c. (781) 

8. And _ = _ + _ + _ + _,4o. (782) 

11. „ Th ense) = ^ ^ ^ + — ?^ — + ^ 4. a,^ /yogx 
... „ ..n(,.5)(,.5)(,.-)... „ 

S 
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13. If flinr s e> proTO 

|2 + 1« |4 + (1.3)> 
« + T = 2e + ^rr- e»+ '- ,^ ©»+&c. (787) 

14. And 

I 2 - 1> 1 4 - (1 . 3)» f 6 - (1 . 3 . 6)« 

tf-T = !:=— e» + ^-=-r^ — e«+i= — -^ e^&c. (788) 

4n + ir l|2+l' 1 M + (1.3)» 

^'•^^"^ f^"'^2-=[3--^2^'==-lJ— -^^^ (7«^) 

16. Proye 

in-T \l-'^\ i Ll-(^- g)' i|i-(i-8.6)' 

17. If Sh« = 4>, prove 

|2 + 1» |4 + (1.3)» 
a + T = 24^-i==— -^8+^^— ^», &c. (791) 

18. And 



(792) 



12-1* r4-(1.8)« |6-(1.3.6)» 
^ - T - i= 0»-ii=__ + "= A,^ - &c. 

VI \1 LI 

19. Prove 

r2 + l« |4 + (1.3)» |6 + (1.3.6)> 
4n + T = 4{2-t=^ + U-^ l::.—^ , 4e.} (793) 

20. Prove 






(7M) 



21. Prove 



1 2» 1 f2 . 4^' 

tf' = Sh»» - s . — Sh» » + 5 ^-T^ Sh«« - &o. (796) 

2 13 o 1 



[Make use of § 200.] 

22. Prove 

23. Prove S^O = <)(l tj) (l + ^) (l + g).. . (797) 

24. „ che=(i+y(i+S) (»+£).- m 
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«. „ (. + l)=2(i + ^)(l + ^^)(l + _^)... (800) 

•27- » j^C"-'-) ii- X -2i- '^ -jjr • • • (801) 

28. „ l(«r + «.w)-?l±l!.?l±i'x?^'... (802) 

29. .. ^(Coa.«-»-) = ^ + ^-^ + ,-^. (803) 

30. Prove 

31. Prove 

^ 2»(2»-l)„ 2«(2*-l)„ , 2«(2«-l)„ . ^ ,„„., 

Thtt= \- ^ Jia ^ ^ J»a»+— i— — ijja»-&c. (806) 

Lf Li l- 

32. Prove ^ = -i_^ + j^ + ^ + &o. (806) 

33. „ l/(8nV2) = ^J^ + ^-^;^ + 2.3^^ + &o. (807) 

34. „ (^-l)/8(^ + l)-^ + ^-^^ + ^-gj^... (808) 

36. „ ,Th«/8«-j-jL^ + ,-^ + ^j + 4c. (809) 



a o' o* «' 



36. „ Th. = - 3- ^ ^,&c. (810) 



S 2 



ANSWERS TO EXERCISES. 



ExEBCisBs. — I. Page 6. 

1. 108*. 2. 3«/4. 8. ir/16. 4. 238793. 

6 92678844. 6. 431643, 431940. 7. 26494329280000. 



ExE&dSEs. — III. Page 18. 




iin{(4ii 
5. 
J, a + b — e, 8. 0. 9. — sin^, gob0, — smtf, sin^, tan 9^ 

10. (a - b) sin $. 11. (a + b) cot 9 - (a - d) tan 0. 18. 1. 

EzEBCisEs. — lY. Page 21. 

1. 2«ir + »/6, (2« + l)ir - »/6. 8. fix ± ir/4. 8. nir ± a. 

5. (4n + l)ir/10. 6. (2n + l)ir/6. 7. 4«ir + 2ir/3. 8. (2n + l)ir/10. 

9. (2n+l)ir/8. 10. (2n+l)ir/4, wir/6. 

11. The first equation giyes 

o - 2y - t/2 + a; = 2nir, or a - 2y + ir/2 - « « (2ii + l)ir. 

The second gives a - 3« - ir/2 - iS + « + 3y « 2fix, 

or a - 3x + »/2 + /5 - a? - 3y = {2#i + 1)». 
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12. The equations give 

a? - y = 2nT + ir/6, or = (2» + !)» - ir/6, and « + y = 2«ir ± »/6. 
14. «» ± »/4. 16. (2w + l)ir/2. W. fiir ± ir/3. 17. a + fiir. 

18. a - i3 - «» - ir/3. 19. 2a/ll + (2« + l)ir/ll- 

1M). The second equation gives mx — ny = nir •{• irji, 
"21. The second equation gives 2d; + 3y = 2nw, 
22. The first equation gives 

2a? - 3y = 2«T + »/2, or 2ic + 3y = (2n + l)ir + ir/2. 

The second gives 3a; — 4y = »» + ir/2 - a. 
28. From the first equation, 4a; - dy = 2fiir ± ir/4. 

From the second, a; + y = nir - ir/4. 

ExEBCisES. — ^V. Page 27. 
1. ± 4/6. 2. ± 16/17. 8. ± 6/12. 4. ± 6/4, 

6. (lo)^/2mfl/(l»+«), (2o)2m»/(i»2+»t*), (30) V^, (4o) V(n« - f»2)/«. 
4)1. sin9 = 1/2. 82. tan9 » 3, or 1/3. 88. sin0 « 0, or cosa = 1/2. 
34. see^O » 2 or 3. 85. sxntf = 1/3. 86. sin = 1/2. 

37. niFf or 2»T ± ir/3. 88. fiir ± ir/6. 

39. 2e = nw± a, where sin'a = 2/3. 

40. 2nir + ir/3 ± ir/4. 41. nir 1 ir/6. 42. 2ftv + v/6, 
or (2ft + l)ir-ir/6. 48. 2«ir + ir/3, or (2n+ l)x-ir/3. 

44. 2nw ± 6ir/12. 



58. sin0 = (3 ± V9 - 8a)/4 ; a must lie between + 1 and - 5. 

54. tan $ = tan a ± sec a Vcos 2a ; a must Ue between nw + ir/4 and nv - TJi. 

55. tane = 3/4 ± V9/16-a; a cannot be > 3/4. 56. tand = 1, or 1/2. 

57. tana; = cota ± Vcot^a-Goseca; a must be > sin*> (2 sin 18**). 

58. x={2n+l)v ± ir/6. 59. sina; = 2a - 1, or l/2a. 
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60. sin^ B (3m ± V9«»' — 4m)/2. In order that sin » may lie between 
+ 1 and — 1, m must be + and > 2, and the radical must be — . 



61. Bin'^ = (a + i + c ± V(a + * + <?)* - 4<w)/2fl. If a, e have contrary 
siguBy the radical cannot be taken with the negative sign. 

. 8in«a? « (a' - J«)/(l - «»), sin^y = (a« - i>)/{a» - a«i«). 

. 2« = 8in-»(a + *) + sin-^a - *), 2y = 8in-i(« + «) - 8in-i(a - b). 

64. tana;, tany are the roots of the quadratic &^ - od/ + a = 0. 

65. tan^p, tan y are respectively the roots of the equations 

a<a- (atf'- W'+ 1) < + a' = 0, J'i* - (W - ««' + 1) * + d = 0. 

Exercises. — ^VI. Page 40. 

80. tan* = (4 - sina)/(coso - a). 81. cos (« - y) = a* + ** — 2^ 

cos(d? + y) = J« - a«. 82. sin (2d? + »/4) = {(a + 1) sinir/4}/(a - 1). 

88. cotd; = 1 + V2/a. 84. The values of tan ^ are the roots of the- 

quadratio t'cosa - <sina 4- in = 0. 85. 2 cos 2^ » (m + l)/(m - 1);. 
86. tan « = V3/4. 87. cos (2a? + ir/4) = (1 - i»)/(l + m) V2- 

88. cos 2» = 2/m. 89. cos^o? = sin^a, or 1 + 3 cos' a. 

40. KJL^x is a root of the quadratic 242^ + 6« » 4. 

Exercises. — ^VII. Page 43. 

28. a? « (In + 1) ir/2, or sin** (a/2). 24. a; = wtt, or cos a? = (- 1 ± Vl7)/4. 
25. x = njrlZ, or (2»+ l)ir/2, or nir. 26. a; = «7r, or sin-*(l/a). 

27. sin a? is given by the quadratic 2 sin' a? + 4 sina; = 1 ; only one of 
the roots is admissible, as the other is greater than unity. 

28. a; = «?r - flr/4, or = Jsin-i(2 V2 - 1). 

29. sina; is a root of 2 sin'a; - 3 sina? = I — a, 

80. a; = fiTr + flr/4, nir - ir/12, or (2fi - 1) ir/2 + ir/12. 

81. « = (2» + l)ir, or cos'^S/S. 82. tana; is a root of ^ + 2^ = 3<» + 4^ 
88. 24F = tan-i(4/3). 84. a; = tiir - 5r/4, or ±sin-»(4/6). 

85. Bin2a;:=V3-l. 86. a; = 2n9r. 87. tana; is a root of ^-9^ + 2^0. 
88. x-nv ± flr/4, or J sin*^ (1/a). 

. 2a? = sin-i (a» - 1). 40. x = nir± ir/6. 
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ExBECiSES. — ^VIII. Page 53. 
1. ± V3/2, + J. 2. Between (2» + l)ir + nji and (2» + l)ff + 3ir/4. 
8. tan« = 3/4, or - 4/3 ; sind = ± 3/6, + 4/6 ; co8« = ± 4/5, ± 3/5. 
14. $ = nn - ir/4, or = nw. 15. 0=3fnr, or ± W** 



16. $ = 2 coar^ 4a/(l + Vl6«» + 1). 17. $ = 2«fl-, or sin-^ l/2<7. 

18. a = 2#t7r-ir/2,or8in-^{{l-a3)/a2}. 19. a = 2>np-ir/2, or 8m-i(l-a). 

to. 2 sin'Jd = 1 - 1/(1 + tan'a)*, 2 cos^ J« = 1 + 1/(1 + tan'd)*. 

21. Bind/4 and cos 0/4 are roots of 8a;* - 8«* + 1 - cosd = 0. 

83. Put 20/3 = a, then 2 sin^d = 1 + 3 cob a - 4 cosV 

2 008*0 = 1 - 3 cos a + 4 cos' a. . 

87. 20 = 2nir ± wjZ, 88. = (2» + l)ir/2, 2«ir ± v/3, 2>iflr ± 2ir/3. 

89. = (2» + 1) n, {i\ - 1) ir/(n - 1), or (4A + 1) ir/(« + 1). 

40. = 2«fl- + 7r/3. 41. = 2«7r/6, (2#i + 1) 7r/2, cofl-i (1 ± Vl7)/8. 
42. = ft9r. 

ExEBCisES. — IX. Page 56. 

9. x = 63* + #Mr, or 37* + «ir. 10. « = «ir ± ir/3. 

ExEECTSES. — X. Page 61. 

12. 4 cos a/2 . cos a . sin 6a/2. 18. sin 3a . sin 6a/2 . cosec a/2. 

14. 8cos(a + i3+7)/4.cos(/5 + 7-a)/4.co8(7+a- ;8)/4.cos(a + i8 + 7)/4 

-88in{a + i8 + 'y)/4.8in(j8 + 7-a)/4.8in(7 + a-i3)/4.8in(a + i3-7)4. 

15. In Ex. 14, change a, $, y into w - a, ff - /3, «• - 7. 

18. 3« = 2 8in-i(a/2). Id. x:^nv, or =- 2/3 .8in-i(l/2a). 

20. 2 sin d; is a root of 2' - 4« + 1 = 0. 

21. 8in2d; is a root of 2> + (I - 2a)z + a* - 1 = 0. 

. X = 2nT + ir/6, (2w + l)ir - ir/6, {2n + l)flr/2, 2»ir ± ir/3, 

2»9r 1 2)r/3. 
. X « 2nflr + jr/6, (2« + l)ir-7r/6, 2wir + ir/lO, (2»f + 1) ir - ir/10. 
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ExBHCiSEs. — XI, Page 66. 

18. « = «, or ««-n+l. 14. «a=(10-4^^)/17. 15. x 
16. « = (a + b)l[l - ab). 17. « = 0, or ± 1/2. 18. x 

19. a: « J Bin-»(2» - 3)/4. 20. a; = ^. 

V2 

ExEHCisEs. — XII. Page 70. 

1. Wa)» + (W*)*=1. 
8. ft«(l + ♦»« tan'a) = §m»a. 



-1, or 1/6. 



2. ic»y» (a;» +y») = l. 
4. m«««(m»-n«) = l. 



C X 

6. y = |(<jc+<>-^). 



8. x^la^ + y^lH^ = 1. 6. y « -^ (« ' + <j" «)• 7. ay» = 4a». 

" 8. If iV= {Vife - 12y - *«}, the result is k^x* = 2N(N+ 3ife»)V27. 

9. a««» + b^y^ = a'ft». 10. C08»« - (cos a sm*/8 + cos«/5)» = 0. 
11. cos(a-i3)=(ac+M)/<Mf+d<;). 12. cos'0 - cos^asec'iS = 0. 

18. a;* + y* = 4*. 14. {b ± Vi» - «?)»/«* + (*' ± Vd'*-rt'OV*'' =* 1- 
15. (a>-l)- (a3 + l)8in0«O. 16. cos (0 - 1)^} « 1, or cos2a. 
17. m* + m COS a s 2. 18. a + iS + 7 = ir. 

19. «« + 4cot2i3 = 4cotacot/3 + l. 20. ^ = a* - 2a« cos 20 + <J*. 

21. cos d + cos (fJTT + 2a) = 2c. 22. «* + y/v (a;* - 1) = 2. 

28. 4m« = (sin* a + cos* a)». 24. 2fl*(3fl« + 6*') = (a« + *«)«. 

25. {be' - *'<?)« + (tfo' - <faf = (ai' - afb)\ 26. tan 20 = tan (2o + 2/5). 

27. cosa(l + cosjS COS7) = cos/3 + COS7. 

28. If we put cos cos ^ = a, and sin sin ^ = iS, we find, from equa- 
tions (1) and (3), 

{a + b)e?-\- ba? + s^(a - *)a - **» = ; 

and from (2) and (3)| 

(a + ft)iS' - (a + e)p^ + y(a - *)i8 + (<? - a)y» = 0. 

Hence the result will be got by eliminating a and jS from these equations) 
and oa + ^i3 + = 0. 
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80. COB ^ (1 + cos a cos a') = cos o + cos a . 

31. From equations (1) and (2), 

cos* e = q^l{pq - j?2), cos* <!> = pjiq - p) . 

32. (a;-co8a)2+(y-sma2) = 3. 33. *«(«»+ y«) - a' (A» + y«). 

34. cot a = 1/a - 1/i. 35. (a ^ i) (a - *') ft' = a' («'- ft) («' - ft'). 

36. z^la^ + y^llf^ = sec'o. 37. tan'a = tan»/8 + tan'y. 

38. «'{(«- y) + (ft- ^)}= (a?-. )(y -(?){(« -y)- (ft -(.)}. 

39. (<? - ft)«» + 2Aa;y + (<? - tf)y' + Igx + 2/y + (« + ft) = 0. 

Exercises. — ^XIII. Page 74. ^ 

The following rules of transformation were omitted in tlie text. They 
supply immediate prooft of seTeral results, and suggest new ones. 

In any identity contaimng the angUif but not the Hdes of a triangle f the 
angUe may be replaced — 

!•. By x/2 - AI2, x/3 - 3/2, ir/2 - 02. 

2o. JBy 2irl3 - A, lirjZ - B, 2irlZ - 0. 

Z*. By ^12-- A, wl2'-Bf w - 0. 

Thusyfrom mA-^mB'^ m » 4 eot -r- G0§ -r- e^H -j;-, 

/ z « 

we get the three foDowiog : — 

lo. coe^/2 + ocM3/'2 + eae(7/2 

S«. 8m(2w/3-^ + siii(2w/3-J0 + ^(^/^-^) 

s 4 eoe (x/a -^ AI2) eoe ( jr/3 - Bj2) eos (w/8 - 012). 

8». eos^ + eosS^aaCs^c^CMi^ — eos--"— iiii(7/2* 

The reaaoB of ^ ink w Unrv>«s ; ftv in m^^ ^Mm ii»4f mm tff ik$ 
sobsfitiitod aa^ k two figU an^. Tbir ^jt/nv^trm i4Ui4ih0 fwifi^An§ 
win gire amonihet mUttitatum^ riz., /<r ^^ i^» O^mmsypui 

W'tA^ W'2H, wW. 

m2^ -f «B2Jr ^ iHi2//« 4 sis >l «ittir lis <Cf. 
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AnswerB to Exercises. 



5. 0/2. 



16. 28. 



ExEKCiSEs.— XIV. Page 87. 

6. 1/2^. 7. (* - «**)/(! - «). 

ExEBdSEs. — XY. Page 91. 



ExEECisES. — XVI. Page 100. 



1. (1). 2-1072100. 

2. (1). 1*9084852. 
8. (1). 3-3803920. 
7. K (1). 3-3167262. 

(4). -8363240. 

2«. (1). 1-8116246. 

(4). -4322143. 



(2). -7092700. 

(2). 1-3398491. 

(2). -6362940. 

(2). -6364839. 

(6). 1-2376439. 

(2). 1-9690810. 

(6). -2946469. 

16. {iJ^'+« -4.) IS. 



8. 31 figures. 
18. X s {log (2nir + ma) - log a}/log 2-1. 



(3). 3-6051600. 
(3). 1-3856065. 
(3). 1-2254900. 
(3). 1-9912260. 
(6). 3-6263393. 
(3). 1-7698681. 
(6). -1163621. 

17. (*-l). 



ExsBCisES. — XIX. Page 123. 

1. a? = 2r 21' 17"-6. 2. a: = - (34^ 20' 16"). 8. 2 X tan 3« 
+ X cofl 66" 26' 34" + 2X cos ir 18' 36" - 2X cos 27* 43' 17". 



= 10 



4. imx^ 3-6, or - -714286. 



6. sin:r = 3/4, or -2/3. 



» A'* 



Exercises. — XX. Page 126. 

4. If ajL^iff ^ iabjt^f tajix^ecoB^iipl2a^ or 8iii'|^/2ff. 

5. X sin 2d; = I {20 + log 2 -log 3} = 9-9119643. Hence d? = 27^22'4 

6. If cos'^*sl/13, 2 8md; = sm*}^/cos^, or -oos*}^/co8^. 

7. If tan ^ = 8, sin a; = — cos'} ^/4 cos ^, or 8in'(^/4 cos ^. 

8. If sec'^ s 83, cos } a; s oos'i^/4 cos ^, or - sin'}^/4 cos ^. 



Answers to Exercises. 26T 

9. sin 2a: = - 83/49, or sin (45' + a?) = 2 V2/7. 

10. Pat p^ B 27' + 60% tan <> = 27/50 ; then x is found from^ 

/> sin (a? + 4>) = 36-97. 

11. 2 008 (a/2 - ir/4 + y) « i/sin (a/2 + 7r/4). 

12. sin (a + 2y) = 2^ — sin a. 

18. 2 sin (a + 2y) 8 ^ cos (a + 2y) + ^ cos a, wliich is of the form (292). 
14. b cos' J (a — 2a;) — 2 cos } a cos } (a - 2a;) = b sin' J a, which is of the 

form a^ — px ss q, 

10. b cos'}(a 4- 2y) - 2 sin ^a cos }(a -\-2p) = b cos'^a. 
16. (sin 2er 63' 31"-6) cos } (a? - y) = 3/7. This gives a; - y. 
28. tan B (- sin a ± sin i9)/cos a cos 0. 26. tan'a; = 1, or (a - l)/(a + 1). 

26. (iOB20-±tan2a. 

27. 2e = sin-» 3/10 + sin-* 1/10, 2^ = sin-' 3/10 - sin"' 1/10, 

or 2« = sin-i 1/30 + sin-i 1/10, 24> = sin-' 1/30 - sm-' 1/10. 
. x~ff^nir± ir/4, a? + y = (2m + 1) ir/2. 



EzEBCisES.— XXYIII. Page 153. 
1. 60 feet 2. 69'' 3' 10". 8. 216-6 feet. 4. 7964 mUes. 

EzEBCisES. — XXTX. Page 156. 

1. * = 661-928, ^ = 30* 24' 6r-7, J = eo** 36' 8"-3. 

2. * = 1-4423 miles, ^ = 16- 67' 43", 2^ = 74*2' 17". 
8. *« 164-37 feet, ^ = 88M0'43", 2? « 61* 49' 17". 
4. « = 6-602 metres, -i = 40* 89' 24", J = 49* 20' 86". 

6. JB. « 66* 0' 0", b = 6-8124 metres, c = 7-7060 metres. 

6. -4 « 20* 30' 0", b = 46-878 yards, c « 49-6136 yards. 

7. .B « 86* 62' 0", a = -81038 miles, b = -58690 miles. 
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ExEBdsss.— XXX. Page 160. 

1. A^ 27' 47' 46", £ = 32' 12' 16", c = 13. 

2. Am 69" 37' 18", £ m 21* 28' 42", e = 690-92. 

8. ^ = 63° T 48"-38. B = 69" 29' 23"-18, C = 67^* 22' 48"-44, r = 4. 



4. B = 90^ (TO", C= 72* 0' 0", e = Z y/l + 2 V6. 

5. 2? = 46' 0' 0", C= 120* 0' 0", <? = 6 ^/6 + 3 Vs. 

8. a = 1000 yards, b = 1732*06 yards, <; = 2000 yards. 

9. A= 119* 26' 61", 5 = 6" 33' 9", 18. A = 69" 37' 42"-18. 
14. A a 69" 10' 10", B = 46" 37' 60", 16. 26" 33' 64". 

17. 9-6733937. 18. ^ = 117** 19' 11", i? = 2" 40' 49". 

19. If 9 be the angle of intersection of the common tangents, <p of the 
-circles, 8 the distance, the intersection of the common tangents, and the 
intersection of the circles, then 

sin J tf = (r - r')ld, cos ^ = (r* + r'* - rf»)/2rr', 

5 = 2 y/(a'-~r) (»-V) {(r-0«.».»-rf+(r + r')«(»-r)(»-*')}/rf(r-r'), 

where 2* = <? + r + r'. 

The common tangent is seen from one of the points of intersection of the 
circles under an angle equal to half that under which the distance between 
the centres is seen, and from the other point under an angle equal to the 
supplement of the half. 

20. Kadiuss^asinflu 

ExEECisES.— XXXII. Page 173. 

1. 180 feet. 16. Height = V2</n/3 (1 - 0» ^^^^ < = tanr/16. 



16. 4602-6 metres. 18. Sun's altitude = cot"* V(*»/*' + *'*/*'*)• 
The inclination of the first wall to the meridian is eoX'^hVjKb. 

19. ^2? = 3 (3 - V3). 

20. Least distance = {hu — av) sin a/Vu' + v* - 2uv cos a. 



1 



Answers to Exercises. 269* 

ExEECiSES.— XXXIY. Page 192. 

5. Area = S^Bm{p + g) {cos {p- q) + cos (a + i8)}, where 

anp^dan. ajM, Binq^dein jS/jS. 

6. If be the angle of intersection, and R the circumradius, 

e = an-^dl2£ - sin-i J/2J2. 

ExEECisBS.— XXXV. Page 207. 
4. (1 + ne^)lVT+n^, and (1 + ne'^)I^TTW^. 

ExEKCisES.— XXXVI. Page 220. 

1. + (cos 3a + t sin 3a}. 

2. cos ir/6 + t sin ir/6, cos ir/2 - i sin ir/2, cos 6ir/6 + • sin 6ir/6. 

8. If tan a = 3/4, the three roots are 5^ (cos a/3 + i sin a/3), 
6^(cos(o + 2ir)/3 + tsui(a + 2?r)/3), 5i(cos(a + 47r)/3 + t 8in(a+47r)/3). 

ExBBCiBES.— XXXVIII. Page 238. 

1. (tanna — tana)/8ina. 2. (tan na - tan a)/2 sin a. 

8. (cot a — cot {n + 1) a)/cos a, if n lire even ; 
(cot a + tan (n + 1) a)/cos a, if » be odd. 



4. f>/2 - cos (2a + ft - 1 /3) sin f}j3/2 sin jS. 



6. 3sin(a + n-li3/2)sinini3/4siniS/2 



- sin (3a + 3 (» - 1) i9/2) (sin 3»i3/2)/(4 sin 3/3/2) . 

6. (» cos a sin a — cos (n + 2) a sin na)/2 sin a. 

7. (cot a — cot (fi + 1) a)/sin a. 

8. (tan a - tan (» + ;) a)/cos a, if « be even; 
(tan a + cot (ft + l]a}/8in a, if ft be odd. 
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Answers to Exercises. 



9. sill fia . sin (» + 2) a/2 sin a, if « be eyen ; 

sinna . on («i + 2) a/2 tin a - flin a/2, if ft be odd. 



10. 3n/8 + cos (2a + II - 1/3) sinfti3/(2 siniS) 



+ cos (4a + 2n - 2fi) sin 2»i3/(8 ain 2/3). 

11. 8iii}(»ta)co8}(fi + l)a/(2 8iii|a) 

- Sin — cos-(« + l)a/(28m-a). 

12. sinna cos (» -f 1) a/siD a. 

18. This series may be replaced by 

sin (x - a) + sin 2 (it - a) + sin 3 (x - a), &c. 

14. cos (20 + na) sin na/(2 sin a) + n cos a/2. 

15. sin nS sin (n + 1) ^/(sin d). 

16. sin na {sec a . sec (n + 1) a + sec 2a sec (n + 2) a}/8in 2a. 

17. sin (na + \(n + l)/3) sinn(a + ii3)/(2 sin(a + \fi)) 

- sin (na - }(n + l)/3) sinn(a - J/3)/(2 sin (a - J/5)). 

{— — ^ 2n — 1 ^ fl 

sin(a + n - 1 j3) + sin(a + — — i3) cos —- J /4 sin' -- 

2n — 1 fi 

-n(2n-l)coe(a+ — r — i3)/4sin-^ 

- sin(a + -"Y" fi)«^Y ^^ T' T* 

19. n(n + 1) cos (a + " /3)/2 sin-— + sin— cos(a -i- — jr— i8)/4 sin'-r- 

Z 2 2 2 ^ 

a Oft 1 a 

-n{(2n+l)cos~sin(a+ --— /3) + nsin(a + (n - l)i8)}/4 sin«-^ 



/3 
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2n — 1 A 

-n{cos-~cos(a + n-li3)+ cos'-^cos (a+ — r — i8)}/4 8in' — 
2 2 2^ 

f o mA m ^— 9 A 

+ 3 cos' — - sin -— cos (a + — - — /3)/4 sin* -— . 

M JL A i 

30. cosec'a - {co8ec'a/2*»)/2». Sum to inf. is cosec'a - a**. 

21. 2«cosec2 2»a-cosec'a. 22. {2'»8ina/2'^* -sin2a}/4. 

23. (cos a/2'»-i)/(2'^isin aft^r^f - 8 cos 2a/8in32a. 

34. 4'»-i8in»a/2»-i-(sin22a)/4. 



Answers to Exercises. 271 

1S5. Make use of the formula 16 sin'^ a =» sin 5a - 6 sin a + 20 sin^ a. 

26. {nco6(2fi+ l)a/2.8ina/2-^8inna}/(2 8in'a/2). 

27. 1 + 2'*co8'*}a sin }na. 28. Differentiate the result in Ex. 26. 
•20. a:{sino+ a?8in(a-j3) + (- l)»*Ha?~sin(o + «iS) 



+ ic»»+^sin(o + « - Ii3)}/(1 + 2a: cos j3 + a?»). 



30. II . n + 1/4 + {it sin a(8in2ii + 1 a) — sin2|ta}/4 sin^a. 81. tear^nx. 
32. (sec (2n +1)0/2- sec 0/2)/(4 sin 0/2). 88. e^^^'"^ cos (a + sin a cos a). 
34. «"^^»*8in(sina). 85. cos (cos 0) (<?""*+ (?-"°*)/2. 

36. <!^*'°''*sin(a?sina). 87. ^-^°'*^°'^oos(sinacos/3). 

38. <f^~"«8in(8inacosa). 89. ^"°*^°**cos(a + 8in2a). 

40. cot-^ (cot e + cosec 0). 41 . log (J sec J $). 

43. log 1/V(1 - 2 cos a cos fi + cos^a). 48. logV(l+2sinaco8i3+sin2a}. 

50. e^*^**»*sin(a + a:sino). 51. e-^^°'»cos(a:sino). 

52. tan-M^8ina;/(l + ^cosa;)}. 58. l+J(if**^**'»-<J-^*^*'^*)8in(a:sino). 

54. Substitute a; for A in the example, § 186. 

56. (1 - Zx cos 6)1(1 - 6a: cos a + 9s^) + 3 (1 - 2a: cos 0)/(l - 4a: cos + 4a:2). 

56. 14a? sin a/(l - 14a: cos a + 49a:*) - 6a: sin o/(l - 6a: cos a + 9**). 

Exercises. — XXXIX. Page 245. 

2. a = m log p - 117, fi = n log p + my, where /»' = «* + i', 

tan y = bja. 

3. (a + bi) "•♦"< = ^(cos iS + • sin 0), where o = iw log p — u-y^ 

/3 = iilog/) + my. 



INDEX. 

Abel, 79, 219. 

Amplitude, 262. 

Ambiguous case of triangles, 157. 

Angle, circular measure of, 2. 

auxiliary angles, 138, 169. 

imaginary, 241. 

sexagesimal measure of. 2. 

Arcs, measures of angles, 3. 

complements, 15. 

supplemental, 15. 

reduction of, to the first quadrant, 17. 

terminated in the same point, 6. 

which differ by ir, 14. 

Bernoulli's numbers, 212. 
Binomial equations, 215. 

theorem generalised, 202. 

Bisectors of angles of a triangle, 175. 
Breitschneider, theorem by, 189. 
Briot and Bouquet, 37, 118. 

Callet, tables by, 103, 110. 
Catalan, solution of Malfatti's problem, 180. 
Centesimal method of measuring angles, 2. 
Circular functions defined, 7. 

• of negative angles, 14. 

of imaginary angles, 241 . 

inverse, 19. 

— ■ notation of inverse functions, 20. 

periods of, 17. 

tables of, 103. 

variation of, 11. 

Commensurable, 79. 

Complex magnitude, 193, 241, 242, 243. 

Concurrent lines, 176. 

Constants of relation, 106. 

Convergent series, 78. 

Cosecant, 7, 247. 

Cosine, 7, 247. 

of the sum of two angles, 33. 
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Cosine of the difference of two angles, 33. 

of the sum of three angles, 38. 

hyperbolic, 247. 

of «o, 42, 197, 221, 222. 

deyelopment of, 198. 

exponential value of, 206. 

factors of, 223, 226. 

Cotangent, 7, 247. 

Cotes, theorem by, 218. 

Crofton, theorem by, 229. 

Davies, proof by, 189. 

Delambre, 127. 

De Moivre, 193, 197, 209, 219, 241, 247. 

Des Caites, 4, 11. 

Divergent series, 79. 

Dostor's theorem, 189. 

Dupuis, tables by, 110, 118. 

Elimination, 67. 

Equations, 26, 124, 216. 

Error in rule of proportional parts, 98, 111, 113, 117. 

Euler, theorems by, 63, 201, 204, 206, 206, 236, 247. 

Exponential theorem, 79, 201, 242. 

values of sine and cosine, 206, 242. 

Formulae of trigonometry, 23. 

fundamental, general demonstration, 36. 

of hyperbolic functions, 249. 

Foncenex, 247. 
Fractions, 226, 227. 

continued, 207, 210. 

Gregory, series by, 204. 

Grassmann on hyperbolic functions, 248. 

Gronau ,, ,, 248. 

Gudermann „ ,, 247. 

Gunther „ „ 248. 

Houel „ „ 248, 262, 264. 

Huyghens, theorem by, 207. 

Hymers, 180. 

Hyperbolic functions, 247-269. 

Identities, 66, 72, 73, 129, 210. 

Imaginary angles, 202, 206, 241. 

Inaccessible objects, 166, 167, 168, 171. 

Interpolation, 110. 

Lalande, tables by, 103, 110. 

Lacroix on binomial theorem, 204. 

Laisant, theorems by, 248, 263, 266. 

Lame on hyperbolic functions, 248. 
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Lecointe on construction of tables, 106. 

Le<5limutz*s solution of Malfatti's problem, 179. 

Lepinay on fundamental formulsB, 37. 

Legendre, theorems by, 63, 186. 

Limit, 77. 

Logarithms, theory of, 77. 

fundamental properties of, 88. 

two systems of, Napierian and common, 88. 

Napierian logarithm of (1 + rr), 89. 

,, calculation of, 93. 

common, 87. 

-. — advantaged of, 96. 

characteristics of, 96. 

forms of tables of, 99. 

mantissae of, 96. 

Logarithms of circular functions, 116. 
Logarithmic forms, transformation of formulae into, 122. 
Logarithms of circular function, tables of, 119. 
calculation by, 153, 167. 

Machin, series by, 206. 

Malet, theorems by, 192, 193. 

Malfatti, 178, 179, 193. 

Mantissa, 95. 

Mansion on hyperbolic functions, 248. 

Maximum and minimum, 180. 

M*Cay, theorems by, 193. 

Medians of a triangle, 146, 174. 

Modulus of a system of logarithms, 96. 

of a complex magnitude, 194. 

Multiple arcs, 23, 42. 
Napier, Napierian, 88. 
Neuberg, theorems by, 146, 177. 
Newton, expansions of sin x^ cos x, 200. 
Nichols, proofs of fundamental formulee, 36. 
Periods of circular functions, 17. 
Pothenot, 170. 
Products of circular functions, 66, 67. 

— ^ of unimodular complexes, 193. 

Proportional parts, 97. 
Quadrant, 6. 
Quadrilaterals, 186. 

cyclic, 186, 193. 

birectangular, 186. 

circumscriptible, 187. 

circumscriptible and inscriptible, 191. 

general, 188. 



